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Abstract: In this paper, we study local systems of locally finite associative algebras over fields of free char-
acteristic. We describe the perfect local systems and study the relation between them and their
corresponding locally finite associative algebras. 1-perfect and conical local systems are also be con-
sidered and described briefly.
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1. Introduction

Throughout the paper, the field F is algebraically closed of characteristic p ≥ 0 and A is an infinite
countable-dimensional locally finite associative algebra over F. Recall that an algebra A is called locally
finite if every finite set of elements is contained in a finite dimensional subalgebra of A [1]. A is called
locally simple if for any finite subset U of A, there is a finite dimensional simple subalgebra that contains
U . Note that we do not require A to have an identity element.

Locally finite Lie algebras were described by Bahturin and Strade [3] in 1995. They described these
algebras in terms of local systems of locally finite Lie algebras. Recall that a system of finite dimensional
subalgebras {Aα}α∈Γ of an algebra A over F is said to be a local system for A if A = ∪α∈ΓAα and for
each α, β ∈ Γ , there is γ ∈ Γ such that Aα, Aβ ⊆ Aγ . Bahturin and Strade in [2] provided some examples
to describe locally finite Lie algebras. In several papers (see for example [4], [5], [7] and [11]) Baranov
et. al. classified simple locally finite Lie algebras over algebraically closed fields of characteristic zeros.
They showed that there are two classes of locally finite Lie algebras which have can be characterised in
many different ways. These are the simple diagonal locally finite Lie algebras and the finitary simple Lie
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algebras. Inner ideals of the finitary simple Lie algebras were studied by Fernandez Lopes, Garcia and
Gomez Lozano in [12], while inner ideals of the other class were studied by Baranov and Rowley in [9].

In 2004, Bahturin, Baranov and Zalesski [1] studied the simple locally finite associative algebras
over algebraically closed fields of zero characteristic. They highlighted the relation between them and
locally finite Lie algebras over algebraically closed field of characteristic 0. They proved that simple Lie
subalgebras of locally finite associative ones are either finite dimensional or isomorphic to the Lie algebra
of skew symmetric elements of some (Type1) involution simple locally finite associative algebras.

Baranov in [6] proved that there is a natural bijective correspondence between such Lie algebras and
locally involution simple associative algebras over algebraically closed fields of any characteristic ̸= 2.
Thus, to classify locally finite Lie algebras, we need to study locally finite associative algebras briefly.
This requires a good understanding of their local systems.

In this paper, we study local systems of locally finite associative algebras over fields of characteristic
p ≥ 0. Some of the results in this papers were mentioned in [1] in the case when p = 0. We start with
some of the preliminaries in section two. Section three is devoted to the study of local systems of locally
finite associative algebras.

In section four, we describe the perfect local systems and study the relation between them and their
corresponding locally finite associative algebras. Finally, the 1-perfect and conical local systems were
described.

2. Preliminaries

Recall that F is an algebraically closed field of characteristic p ≥ 0.

Definition 2.1. [1] A locally finite algebra is an algebra A over a field F in which every finite set of
elements of A is contained in a finite dimensional subalgebra of A.

As an example of a locally finite associative algebra is the algebra M∞(F) of infinite matrices with
finite numbers of non-zero entries, that is,

M∞(F) = ∪∞n=1Mn(F), (1)

where the algebra Mn(F) can be embedded in M(n+1)(F) by putting Mn(F) in the left upper hand corner
and bordering the last column and row by 0’s.

Definition 2.2. Let A be an algebra over a field F. A system of finite dimensional subalgebras {Aα}α∈Γ
of A is said to be a local system for A if A = ∪α∈ΓAα and for each α, β ∈ Γ , there is γ ∈ Γ such that
Aα, Aβ ⊆ Aγ .

Put α ≤ β if Aα ⊆ Aβ . Then Γ is a directed set and

A = lim
−→

Aα (2)

is a direct limit of the algebras Aα. Recall that A is called perfect algebra if AA = A.

Definition 2.3. 1. A local system is said to be perfect (resp. simple, semisimple, nilpotent, ... etc) if it
consists of perfect (simple, semisimple, nilpotent, ... etc) algebras.

2. A locally finite algebra A is called locally perfect (resp. simple, semisimple, nilpotent, ... etc) if
it consists of a perfect (simple, semisimple, nilpotent, ... etc) local system.

Example 2.4. Suppose that A is locally simple. Then there is a chain of simple subalgebras

A1 ⊂ A2 ⊂ A3 ⊂ . . .
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of A such that A = ∪∞i=1Ai. We can view A as the direct limit lim←−Ai for the sequence

A1 → A2 → A3 → . . .

of injective homomorphisms of finite dimensional simple associative algebras Ai. Since F is algebraically
closed, each Ai can be identified with the algebra Mni(F) of all ni × ni-matrices over F for some ni.
Moreover, we may assume that each embedding Ai → Ai+1 can be written in the following matrix form

M → diag(M, . . . ,M, 0, . . . , 0), M ∈ Mni
(F).

3. Local systems of locally finite associative algebras

Lemma 3.1. Let A be a locally finite associative algebra over F and let {Aα}α∈Γ be a system of finitely
generated subalgebras of A. Then {Aα}α∈Γ is a local system of A if and only if for every finite dimensional
subspace P of A there exists β ∈ Γ such that P ⊆ Aβ.

Proof. Suppose first that {Aα}α∈Γ is a local system of A. Let P be a finitely generated subalgebra of
A and let {p1, . . . , pn} be a basis of P . Then A = ∪α∈ΓAα and for each 1 ≤ i ≤ n, there is Ai ∈ {Aα}α∈Γ
such that pi ∈ Ai. Thus P ⊆ Aβ for some β ∈ Γ, as required.

Suppose now that for every finite dimensional subspace P of A there exists β ∈ Γ such that P ⊆ Aβ .
We need to show that {Aα}α∈Γ is a local system of A. Let x ∈ A. Then for every subspace Px generated
by x, there is β ∈ Γ such that Px ⊆ Aβ , so A = ∪α∈ΓAα. It remains to note that for any α, β ∈ Γ, there
is γ ∈ Γ such that Aα, Aβ ⊆ Aγ .

Lemma 3.2. Suppose that {Aα}α∈Γ is a local system of a locally finite associative algebra A over F. If
Γ = ∪r

i=1Γi, then {Aα}α∈Γk
(for some 1 ≤ k ≤ r) is a local system of A.

Proof. Suppose that Γ = ∪r
i=1Γi. We may assume that Γ is a is a disjoint union of Γi of Γ (because if

it is not, then we can decompose it as a disjoint union of subsets). We are going to prove by contradiction
that {Aα}α∈Γk

, for some 1 ≤ k ≤ r, is a local system of A. Assume to the contrary that {Aα}α∈Γi is
not a local system of A for each 1 ≤ i ≤ r. Then there is a finite dimensional subspace Pi of A such that
Pi /∈ {Aα}α∈Γi for each i. Consider the subspace P =

⊕r
i=1 Pi of A. Then P is finite dimensional with

P ⊈ Aα for all α ∈ Γ (because Γ is a disjoint union of the subsets Γi). Thus, {Aα}α∈Γ is not a local
system of A, a contradiction.

Lemma 3.3. Let {Aα}α∈Γ be a local system of A and let P be a finite dimensional subspace of A. Then
{Aβ}β∈ΓP

is a local system of A, where ΓP = {β ∈ Γ | P ⊆ Aβ}.

Proof. By Lemma 3.1, there is β ∈ Γ such that Aβ ⊃ P . Let P1 be a finite dimensional subalgebra
of A. Then P2 = P + P1 is a finite dimensional subalgebra of A, so by Lemma 3.1, There is γ ∈ Γ such
that Aγ ⊃ P2 with γ ≥ β. Continuing with this process we get the set ΓP = {β ∈ Γ | Aβ ⊃ P} ⊂ Γ. By
Lemma 3.2, {Aβ}β∈ΓP

is a local system of A.

Proposition 3.4. Let {Aα}α∈Γ be a local system of a simple locally finite associative algebra A over F.
The following hold.

1. [13] Let {Iα}α∈Γ be a system of ideals such that Iα is an ideal of Aα for each α ∈ Γ. Then either
∩α∈ΓIα = 0 or for every k ∈ Γ or there exists βk ∈ Γ such that Ak ⊆ Iβk

.

2. Suppose that ΓP = {β ∈ Γ | P ⊆ Aβ}. Then {AP
β }β∈ΓP

is a local system of A, where AP
β is the

ideal of Aβ that generated by the algebra P for all β ∈ ΓP .

Proof. 1. This is proved in [13]. For the proof see [13, Proposition 4.5].
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2. By Lemma 3.3, {Aβ}β∈ΓP
is a local system of A. Let AP

β be the ideal of Aβ that generated by P .
We need to show that {AP

β }β∈ΓP
is a local system of A. Since P ⊆ ∩β∈ΓP

AP
β , we have ∩β∈ΓP

AP
β ̸= 0,

so by (1), for each β ∈ ΓP , there is γ ∈ ΓP such that Aβ ⊆ AP
γ . Thus, L = ∪β∈ΓP

AP
β . It remain to

note that AP
β , A

P
γ ⊆ AP

ζ . Indeed, for each β, γ ∈ ΓP , there is ζ ∈ ΓP such that Aβ , Aγ ⊆ Aζ because
{Aβ}β∈ΓP

is a local system of A. Therefore, {AP
β }β∈ΓP

is a local system of A, as required.

Proposition 3.5. Let A be a simple locally finite associative algebra and let {Aα}α∈Γ be a local system
of A. Let S be a non-zero finite dimensional subspace of A and let As

α be the ideal of Aα generated by S.
Then {As

β}β∈Γs
is a local system of A, where Γs = {β ∈ Γ | S ⊆ Aβ}.

Proof. This follows directly from Proposition 3.4.

Recall that an associative algebra A is nilpotent if there is a positive integer n such that An = 0.
Put A = A1 and Ai = AAi−1 for all i > 1.

Definition 3.6. 1. We say that an associative algebra P over a field F is residually nilpotent if ∩∞i=1P
i =

0.

2. We say that a locally finite associative algebra A is locally residually nilpotent if every finitely
generated subalgebra P of A is a residually nilpotent associative algebra.

Theorem 3.7. Let A be a simple locally finite associative algebra over F. Then every local system
{Aα}α∈Γ contains an algebra that is not nilpotent.

Proof. Let {Aα}α∈Γ be a local system of A. Consider the algebra P = Fp, where p ∈ A is non-zero.
Put Γp = {α ∈ Γ | Aα ⊃ P}. By Lemma 3.3, {Aα}α∈Γp is a local system of A. Assume to the contrary
that all Aα are residually nilpotent for all α ∈ Γ. Then for each α ∈ Γp, there is a positive integer n such
that p ∈ An

β and p /∈ An+1
β , so we get system of ideals {An

α}α∈Γp
with ∩α∈ΓP

An
α ̸= 0. By Proposition 3.4,

for each α ∈ Γp, there is β ∈ Γp such that Aα ⊆ An
β . Thus, A2

α ⊆ An+1
β , so p /∈ A2

α for all α ∈ Γ. Since
p ∈ A2 (because A = A2 as A is simple), there exists γ ∈ Γ such that p =

∑n
i=1 xiyi for some xi, yi ∈ Aγ

(1 ≤ i ≤ n). Thus, p ∈ A2
γ , a contradiction with p /∈ A2

α for each α ∈ Γ. Therefore, every local system of
A must contain an algebra which is not residually nilpotent, as required.

Corollary 3.8. No simple locally finite associative algebra can be locally residually nilpotent.

Proof. This follows from Theorem 3.7.

4. Perfect local systems

Recall that a local system is said to be perfect (resp. simple, semisimple, nilpotent, ... etc) if it
consists of perfect (simple, semisimple, nilpotent, ... etc) algebras.

Theorem 4.1. Any simple locally finite associative algebra posses a perfect local system.

Proof. Let {Aα}α∈Γ be a local system of A. Put

A∞α = ∩∞i=1A
i
α.

Then A∞α is a perfect subalgebra of A∞. Moreover, {A∞α }α∈Γ is a local system of the subalgebra A∞ =
∪α∈ΓA

∞
α of A. Indeed, if α, β ∈ Γ, then there is γ ∈ Γ such that Aα, Aβ ⊆ Aγ , so A∞α , A∞β ⊆ A∞γ . Note

that A∞ is an ideal of A and A∞ ̸= 0 (by Theorem 3.7), but A is simple, so A∞ = A. Therefore, A
contains a perfect local system, as required.

Lemma 4.2. Let A be a simple locally finite associative algebra over F. The following holds:
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1. [3] Let {Aα}α∈Γ be a local system of A. Then for every α ∈ Γ, there is ζ ∈ Γ such that Aα ⊂ Aζ

and Aα

⋂
radAζ = 0.

2. [9] If {Aα}α∈Γ is a perfect local system of A, then there exists α′ ∈ Γ for each α ∈ Γ such that
radAβ

⋂
Aα = 0 for all β ≥ α′.

Proof. 1. Let Aα ∈ {Aα}α∈Γ. Suppose that Γα = {β ∈ Γ | Aα ⊆ Aβ}. By Lemma 3.3, {Aβ}β∈ΓP
is

a local system of A. Let {radAβ}β∈Γα
be the system of the radicals of {Aβ}β∈Γα

such that radAβ is
the radical of Aβ . By Theorem 3.7, not all members of {Aβ}β∈ΓP

are nilpotent algebras, so there exists
γ ∈ Γα such that Aγ ⊈ radAβ for all β ∈ Γα. Thus, ∩β∈Γα

radAβ = 0 (by Proposition 3.4).

Now, we have Aα ∩ radAβ ⊆ radAα for all β ∈ Γα. Since dim(radAβ) is finite, there ex-
ist β1, β2, . . . , βn (n ≥ 1) such that Aα ∩ (∩n

i=1 radAβi
) = 0. Now, take any ζ ∈ Γα such that

Aζ ⊇ Aβ1
, . . . , Aβn

. Then Aβi
∩ radAζ ⊆ radAβi

for all 1 ≤ i ≤ n, so

Aα ∩ radAζ ⊆ Aβi
∩ radAζ ⊆ radAβi

, for all 1 ≤ i ≤ n.

Therefore,

Aα ∩ radAζ ⊆ Aα ∩ (∩n
i=1 radAβi

) = 0,

as required.

2. This follows from part (1.).

Theorem 4.3. Let {Aα}α∈Γ be a local system of a simple locally finite associative algebra A over F.
Then for each α ∈ Γ, there is γ ∈ Γ such that Aα ⊂ Aγ and Mγ ∩Aα = 0 for some maximal ideal Mγ of
Aγ .

Proof. By Lemma 4.2, A has a perfect local system. Suppose that {Aα}α∈Γ is a perfect local system
of A. Fix any α ∈ Γ. By Lemma 4.2(2), there is ζ ∈ Γ such that

Aα ⊂ Aζ and Aα ∩ radAζ = 0. (3)

Let Γζ = {β ∈ Γ | β ≥ ζ}. Then by Lemma 3.2,

{Aβ}β∈Γζ = {Aβ ∈ {Aα}α∈Γ | Aζ ⊂ Aβ}

is a local system of A. Let {Pζ1 , . . . , Pζt} and {Mζ1 , . . . ,Mζr} be the set of all minimal perfect and
maximal ideals of Aζ , respectively. Consider two subsets Γζ

l,k and Γζ
0 of Γζ defined as follows:

Γζ
k,l = {β ∈ Γζ | Aβ has an ideal Iβ with Pζk ⊂ Iβ ∩Aζ ⊂ Mζl , 1 ≤ k ≤ t, 1 ≤ l ≤ r};

Γζ
0 = {β ∈ Γζ | any proper ideal Iβ of Aβ satisfies Iβ ∩Aζ ⊂ radAζ .

Then Γζ = Γζ
k,l ∪ Γζ

0, so by Lemma 3.2, either {Aβ}β∈Γζ
k,ℓ

or {Aβ}β∈Γζ
0

is a local system of A. We claim
that {Aβ}β∈Γζ

0
is a local system of A. Assume to the contrary that {Aβ}β∈Γζ

k,l
is local system. Then

for any Aγ ∈ {Aβ}β∈Γζ
k,l

, there is an ideal Iγ ⊂ Aγ such that Pζk ⊂ Iγ ∩ Aζ ⊆ Mζl for some k and l.
Hence, we get a system of ideals {Iβ}β∈Γζ

k,ℓ
such that Iβ is an ideal of Aβ with Pζk ⊂ Iβ ∩ Aζ ⊂ Mζl

for some 1 ≤ k ≤ t and 1 ≤ l ≤ r. Note that I_β ⊉ Aζ for all β ∈ Γζ
k,l (because if Aζ ⊆ Iβ , then

Aζ = Iβ ∩ Aζ ⊂ Mζl , a contradiction as Mζl is a proper maximal ideal of Aζ . Since Aζ ⊆ Aβ , for each
β ∈ Γζ

k,l, there is no δβ ∈ Γζ
k,l such that Aβ ⊆ Iδβ , so by Proposition 3.4,

∩β∈Γζ
k,l
Iβ = 0, but ∩β∈Γζ

k,l
Iβ ∈ {Iβ}β∈Γζ

k,l
,
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so there is some 1 ≤ k ≤ t such that 0 ̸= Pζk ⊂ ∩β∈Γk,l
Iβ , a contradiction.

Hence, {Aβ}β∈Γζ
0

is a local system of A. Thus, for every proper ideal Iγ of Aγ ∈ {Aβ}β∈Γζ
0
, we have

Iγ ∩Aζ ⊆ radAζ , so for α ∈ Γ, there is γ ∈ Γζ
0 ⊂ Γζ ⊂ Γ such that if Iγ is a proper ideal of Aγ , then

Iγ ∩Aα = (Mγ ∩Aζ) ∩Aα ⊂ radAζ ∩Aα = 0.

Therefore, for each α ∈ Γ, there exists γ ∈ Γ such that Aα ⊂ Aγ and Mγ ∩ Aα = 0 for some maximal
ideal Mγ of Aγ , as required.

If A is finite dimensional, then it follows by Wedderburn-Malcev Theorem (see [8, Theorem 1]) that
there exists a semisimple subalgebra S of A such that A = S ⊕ radA and for any semisimple subalgebra
Q of A, there is r ∈ radA with Q ⊆ (1 + r)S(1 + r).

Theorem 4.4. [8, Theorem 6] Let A be a finite dimensional algebra and let I be a left ideal of A. Suppose
that A/RadA is separable. Then there exists a semisimple subalgebra S of A such that A = S ⊕ radA
and I = IS ⊕ IradA, where IS = I

⋂
S and IradA = I

⋂
radA.

Recall that the rank of a perfect finite dimensional algebra A is the smallest rank of the simple
components of A/ radA.

Theorem 4.5. Every simple locally finite associative algebra over F has a perfect local system of arbitrary
large rank.

Proof. Let A be a simple locally finite associative algebra. Then by Theorem 4.1, A has a perfect
local system. Let {Aα}α∈Γ be a perfect local system of A. Then by Theorem 4.3, for each α ∈ Γ, there
is γ ∈ Γ such that Aα ⊂ Aγ and Mγ ∩ Aα = 0 for some maximal ideal Mγ of Aγ . Since Aγ is finite
dimensional, Aγ = Sγ ⊕ Rγ , where Sγ is a Levi subalgebra of Aγ and Rγ = radAγ is the radical of Aγ .
Let {S1

γ , . . . , S
n
γ } be the set of the simple components of Sγ . First we claim that Rγ ⊆ Mγ . Assume to

the contrary that Rγ ⊈ Mγ . Then Mγ +Rγ ̸= Mγ . Since Mγ is maximal, Aγ = Mγ +Rγ . Thus,

Aγ/Mγ = (Mγ +Rγ)/Mγ
∼= Rγ/(Rγ ∩Mγ) ̸= 0

is a non-zero nilpotent quotient algebra of Aγ , but A2
γ = Aγ (as Aγ are perfect for all γ), so Aγ = An

γ ⊆
Mγ , a contradiction. Thus, Rγ ⊂ Mγ . Note that Mγ ⊉ Sγ (because Mγ ̸= Aγ). Since

Aγ/Mγ = (Sγ ⊕Rγ)/Mγ = (Sγ +Mγ)/Mγ
∼= Sγ/(Sγ ∩Mγ) ̸= 0,

Aγ/Mγ
∼= Si

γ for some 1 ≤ i ≤ n. Since Aα ∩ Mγ = 0, we have that Aα ⊆ Si
γ . Therefore, there is a

simple component Si
γ in every Levi subalgebra Sγ of Aγ such that dimSi

γ ≥ dimAγ .

5. 1-perfect and conical local systems

Definition 5.1. [10] Let A be an associative algebra over a field F. Then A is called 1-perfect if A has
no ideals of codimension 1.

An ideal I of A is called 1-perfect if as an algebra I is 1-perfect. By using the second and the third
Isomorphism Theorems, we obtain the following well known properties.

Lemma 5.2. [10] (i) The sum of 1-perfect ideals of an associative algebra A is a 1-perfect ideal of A.

(ii) Let P be a 1-perfect ideal of A and let C be a 1-perfect ideal of A/P . Then the full preimage of
C in A is 1-perfect.

By using Lemma 5.2(i) we get that every associative algebra contains the largest 1-perfect ideal.
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Definition 5.3. Let A be an associative algebra and let PA be the largest 1-perfect ideal of A. Then PA

is said to be the 1-perfect radical of A.

We will need the following simple fact.

Lemma 5.4. Let P be an ideal of an associative algebra A over a field F. If P ′ is an ideal of P with
P ′2 = P ′, then P ′ is an ideal of A.

The following results due to Baranov and Shlaka [10] Shows that PA has radical-like properties.

Proposition 5.5. Let A be an associative algebra over F. The following hold.

(1) P2
A = PA.

(2) PPA
= PA.

(3) PA/PA
= 0.

(4) Consider any maximal chain of subalgebras A = A0 ⊃ A1 ⊃ · · · ⊃ Ar of A such that Ai+1 is an
ideal of Ai. If dimAi/Ai+1 = 1 for all 0 ≤ i ≤ r − 1, then Ar = PA.

Theorem 5.6. Any simple locally finite associative algebra posses a 1-perfect local system.

Proof. By Theorem 4.1 A contains a perfect system. Let {Aα}α∈Γ be a perfect system of A. Consider
the largest 1-perfect radical PAα of Aα for each α ∈ Γ. Since PAα is finite dimensional, PAα = Sα ⊕
radPAα for some Levi subalgebra Sα of PAα . Let {S1

α, . . . , S
n
α} be the set of the simple components of

Sα. We denote by Ai
α to be the ideal of PAα generated by Si

α. Fix any index, say 1. Since A1
α is perfect,

by Lemma 5.4, A1
α is an ideal of Aα. Thus, by Proposition 3.5, {A1

α}α∈ΓS1
α

is a 1-perfect local system of
A, where ΓS1

α
= {β ∈ Γ | Aβ ⊃ A1

α}.

Definition 5.7. Let {Aα}α∈Γ be a perfect local system of A. Then {Aα}α∈Γ is said to be conical if Γ
contains a minimal element 1 such that

1. A1 ⊆ Aα for all α ∈ Γ ;

2. A1 is simple;

3. for each α ∈ Γ the restriction of any Aα-module to A1 has a non-zero composition factor.

Note that Definition 5.7(3), implies that for each simple component T of Aα/ radAα one has dimT ≥
dimAα. We denote by the rank of the conical local system is the rank of the perfect algebra A1.

Theorem 5.8. Every simple locally finite associative algebra over F has a conical local system of arbitrary
large rank.

Proof. Let A be a simple locally finite associative algebra over F. By Corollary 4.5, A has a perfect
local system of arbitrary large rank. Suppose that {Aα}α∈Γ is a perfect local system of A of arbitrary
large rank. Fix Aβ ∈ {Aα}α∈Γ. Since Aβ is finite dimensional associative algebra, there is a Levi
subalgebra Sβ of Aβ such that Aβ = Sβ ⊕Rβ , where Rβ = radAβ is the radical of Aβ . Let S be a simple
component of Sβ . For all γ ≥ β we denote by As

γ to be the ideal of Aγ that generated by S. Then As
γ

is the smallest ideal of Aγ that contains S. Since (As
γ)

2 ⊆ As
γ is also an ideal of Aγ that contains S, we

get that (As
γ)

2 = As
γ , so As

γ is perfect. Put As
1 = S and γs = {γ ∈ γ | γ ≥ β} ∪ {1}. Put As = ∪γ∈γsAs

γ .
Since As

γ ⊆ As
γ′ for all γ and γ

′ ∈ γs with γ ≤ γ′, we get that As = lim←−As
γ is an ideal of A. But A is

simple, so As = A and {As
γ}γ∈γs is a perfect local system of A. Moreover, we have {As

γ}γ∈γs is a conical
local system of A because {As

γ}γ∈γs is a perfect local system with γs containing a minimal element 1
that satisfies the conditions (1), (2) and (3) of Definition 5.7, so it is a local system of arbitrary large
rank, as required.

Theorem 5.9. Every simple locally finite associative algebra over F has 1-perfect conical local system .
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Proof. Let A be a simple locally finite associative algebra over F. By Theorem 5.6, A has a 1-perfect
local system. It remains to follow the same process as in the proof of Theorem 5.8, we get the required
results.
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