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Abstract: Let C,, and S, respectively denote a cycle and star with n edges. Let K,, denote a complete graph
on n vertices. In this paper, it is shown that for any non-negative integers . and 8 and any positive
integer n > 6, there exists a decomposition of K, into a copies of Cs and 3 copies of S3 if and only
if 6+ 38 = (;‘), B # 1,2 when n is odd, and 8 > [%w when n is even.
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1. Introduction

All graphs considered here are finite. For the standard graph-theoretic terminology the reader is
referred to [9].

Let K} denote a complete graph on k vertices. Let Pyi1,Cy and Sk(= K ) respectively denote a
path, cycle and star each having k edges. Further, we denote a k-cycle ie., Cy with vertices 1,2,...,k and
edges 12,23,...,k—1k, k1 by (1,2,...,k), and the k-star Sy with center vertex 0, end vertices 1,2,...,k
and edges 01,02,...,0k by (0;1,2,...,k).When z,y € Z*, we define |z] = max{y|ly € Z*, y < x} and
[z] = min{yly € Z¥, y > z}.

A decomposition of a graph G is a partition of G into edge-disjoint subgraphs of G. If the subgraphs
in the decomposition are isomorphic to either Hy or Ha, then it is called an {Hy, Hy}-decomposition of
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G. We say that G has a {H, Hg}{“’ﬂ}-decomposition of G if the decomposition contains « copies of Hy
and /3 copies of Hy for all possible choices of v and (3. Existence of such decomposition of G for «, 8 > 1
is also called multidecomposition.

Abueida and Daven [1] initiated the study of an {H;, Hs}-decomposition of K,,, when H; and Hs
are cycles and stars each with 3 edges. In [2, 3], they also proved such decomposition when both the
subgraphs contains 4 edges, and {C}, Es}-decomposition of product graphs, when Fs is a matching of
size 2. Moreover, Abueida and O’Neil [5] have proved the existence of {C}, Sk_1 }-decomposition of AK,,
when k = 3,4,5. Abueida et al. [4] considered the existence of {Hy, Hs}-decomposition of AK,,, when
{H1, Hy} is a graph-pair of orders 4 and 5. Abueida and Lian [6] have obtained necessary conditions
and proved that such conditions are also sufficient for {Cy, Sk }-decomposition of K,,. Beggas et al. [10]
proved the existence of {Cy, S }-decomposition of AK,.

Priyadharsini and Muthusamy [18, 20] have obtained necessary conditions and proved that such
conditions are also sufficient for {G,,, Hy }-factorization of \K,,, AK,, , when G,,, H, € {Cy, Py, Sn}.
The same authors [19] have obtained necessary conditions and proved such conditions are sufficient for
the existence of {G,,, H, }-decomposition of AK,.

Lee and Chu [16] have proved the existence of { Py41, S }-decomposition of K, ,,. Further, Lee [15]
and Lin [17] respectively investigated the decomposition of K, , and K, , — I into cycles and stars.
Shyu [22-24, 26| considered and proved the existence of {Py1, Sk }{*#}-decomposition of K,, and Kon
for some values of k. Jeevadoss and Muthusamy [13, 14] have proved the { Py 1, Cj, }H{*#}-decomposition
of Ky, and AK,, , respectively. Fu et al. [11, 12] have obtained necessary conditions and proved that
such conditions are also sufficient for {C, S3}{*#}-decomposition of K,, where k = 3, 4.

In [25] Shyu has proved the following:

Theorem 1.1. [25] Let o, € Z* U {0}, and n,l,k € ZT, and n > maz {{,k + 1}. If K,, has a
{Cy, S P -decomposition, then ol + Bk = (;), B # 1,2 when n is odd, and B > [%W when n 1s even.

In this paper, we have shown that necessary conditions stated in 1.1 are sufficient for £ = 6 and
k=3.

2. Notations and preliminaries

We present some notations and well-known results that are necessary to prove our main results.
Let {Cy, Sk }- decomposition of a graph G denotes a decomposition of G into « copies of ¢- cycles and 3
copies of k- stars. For a given graph G and for an non-negative integers «, 8 > 0, define I(n)={3 | 2a+f =

7”("671),5 # 1,2 for odd n, and 8 > [%] when n is even}. and M(G)={8 | G = aCs ® 353}, i.e., there
exit a {Cg, S3}{*#t decomposition of G and G be the set of graphs G for which M(G) = I(E(Q)).
According to the values of n, define the I(n) as follows:

(i) If n=0,4,6 or 10 (mod 12), then I(n) = {ﬁ | 8="=1 _ 9 where 0 < i < L% - gJ }
(ii) f n=1o0r 9 (mod 12), then I(n) = {6 | 8= ”(" D _ 92;, where 0 < i< {%J and
3 # 1,2}.

(iii) If n = 3 or 7 (mod 12), then I(n) = {5 | B="0=Y 9 where 0 < i < {%J and
3 # 1,2}.

Theorem 2.1. [7, 21] Let {,n € Z*. Then K,, has a Cy-decomposition if and only if n is odd, 3 < £ <mn
and n(n —1) =0 (mod 2I).
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Theorem 2.2. [28, 29] Let k,n € Z*. Then K, has a Sk-decomposition if and only if 2k < n and
n(n—1) =0 (mod 2k).

Theorem 2.3. [27] Let {,m and n € Z*. Then K, ,, has a Cap-decomposition if and only if m and n
are even, myn > £ > 2 and mn =0 (mod 2¢).

Theorem 2.4. [29] Let k,m and n € Z" with m < n. There exists an Si-decomposition of K, ,, if and
only if either (i) k < m and mn =0 (mod k) or (ii) m < k <n and n=0 (mod k).

Theorem 2.5. [8] Let G be a forest in K,, with |E(G)| > 1. There exists a 6-cycle system of K,, \ G if
and only if (i) all vertices in G have odd degree (ii) |E(K, \ G)| is divisible by 6, and (i) n is even.

3. Base constructions

In this section, we provide some useful lemmas which are required in proving our main result.

Lemma 3.1. There exists a {Cs, S3}{*P}-decomposition of K46 with g € {0,8}

Proof. (i) a« =4 and 8 = 0: By 2.3, there exist four copies of Cg.
(il)aw = 0 and 8 = 8: By 2.4, there exist eight copies of Ss.
Hence, M(K,6) = {0, 8}. O

Lemma 3.2. There exists a {Cg, S3}{*P}-decomposition of M(Ke ) with 8 € {0,4,6,8,10,12}

Proof. Let V(Kg¢s) = ({1,...,6},{7,...,12}).

(i) « =6 and 8 = 0: By 2.3, we get 6C.

(ii)a = 4 and B = 4: The required cycles and stars are
(1,8,4,7,3,10), (1,11,4,9,2,12), (2, 10,4, 12,3,11), (1,7,2,8,3,9), (5,7, 8,9)
(5;10,11,12), (6;7,8,9), (6; 10,11, 12).

(iii)ae = 3 and 8 = 6:The required cycles and stars are
(1,8,4,7,3,10),(2,10,4,12,3,11),(1,7,2,8,3,9), (5;7,8,10), (6; 7, 8,9)
(6;10,11,12), (9;2,4,5), (11; 1,4, 5), (12; 1, 2, 5).

(iv)ae = 2 and 8 = 8:The required cycles and stars are

(

(

(

(

(

(

~—

3
1 and 8 = 10:The required cycles and stars are

7,3,9,2,8), (1;9,10,11), (2 10,11,12), (3; 10, 11, 12), (6 7,8, 12),
7;2,4,5),(8;3,4,5),(9;4,5,6), (10;4,5,6), (11;4,5,6), (12; 1,4, 5).

vi)a = 0 and § = 12: By 2.4, we get the required 12 copies Ss.

Hence, M (Ks) = {0,4,6,8,10,12}. O

’
V)&t =
)

1,7,3,11,4,10),(1,8,2,12,3,9),(2;9,10,11), (6;7,8,12), (7; 2,4, 5),
8;3,4,5),(9;4,5,6),(10;3,5,6),(11;1,5,6), (12; 1,4, 5).
1,7,3

Lemma 3.3. M(Kg) = I(6).

Proof. Since I(6) = {3,5}. Let V(Kg) ={1,2,---,6}

(i) a=1and g =3:

Let C¢ = (1,2,3,4,5,6) be a 6-cycle in Kg. Then the graph H = K¢\ C{ is 3-regular. Let S3 = (1;3,4,5)
be a star in H. It is easy to see that the remaining graph H \ S} cannot be decomposed into 255.

(ii) « = 0 and 8 = 5: By 2.2, we get five copies of Ss.

Hence, M (Kg) = 1(6) = {5}. O

Lemma 3.4. M(K7) = I(7).

Proof. Since I(7) ={3,5,7}. Let V(K7) ={1,...,7}. We complete the proof in three cases.
(i) « = 2 and 8 = 3: Let D be an arbitrary Cs and S3 decomposition of K7. Suppose that
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C¢=(1,2,3,4,5,6) and Cz=(2,4,6,3,5,7) are 2 Cg in D. By our assumption the graph H = K7\
E(Ct U C2) has an S3-decomposition. Let d(x) be the degree of a vertex z in H. Then d(1) = d(7) =
and d(2) = d(3) = d(4) = d(5) = d(6) = 2. It follows that only the vertices 1 and 7 must be a center
vertex of stars in D. Hence the graph H cannot be decomposed into 3S53.

(ii) & = 1 and 8 = 5: The required cycles and stars are

(1,2,3,4,5,6), (1;3,4,5), (2;5,6,7), (3;5,6,7), (4;2,6,7), (7;1,5,6).

(iii) « = 0 and 8 = 7: By 2.2, we get 7S53.

Hence, M(K,;) =1(7) = {3,5,7}. O

Lemma 3.5. M(Ky) =1(9).
Proof. Since I1(9) = {0,4,6,8,10,12}. Let V(Ky) = {1,...,9}.We complete the proof in six cases as

follows
(i) «a =6 and g = 0: By 2.1, we get 6C.

(ii) @« =4 and 8 = 4: The required cycles and stars are
(3,6,9,2,4,8),(1,5,8,2,7,6),(3,5,6,8,1,9),(1,3,4,9,8,7),(2; 1, 3,6), (4, 1,6, 7),
(5:2,4,9 ,(7;3,5,9)

(iii) &« = 3 and 8 = 6: The required cycles and stars are
(1,2,3,4,5,6),(1,4,6,7,8,9),(2,8,3,7,4,9), (1:5,7,8), (2;4,5,6), (3: 1,5, 6),
(7;2,5,9), (8;4,5 6) (9 3,5,6).

(iv) a=2and 8 =8: The required cycles and stars are
(1,3,9,4,8,5),(9,2,8,3,7,5), (1;2,6,7), (2:3,4,5), (3:4,5,6), (4;1,5,7), (6;2,4,5),
(7;2,6,9), (8; 1,6, 7)7( ;1,6,8).

(v) @ =1 and 8 = 10: The required cycles and stars are
(1,2,3,4,5,9),(1;3,4,5),(1;6,7,8),(2;4,5,6),(2;7,8,9),(3;5,6,7), (6;4,5,7),
(7:4,5,9),(8:3,7,9),(8;4,5,6), (9;3,476)-

(vi) @ =0 and 8 = 12: By 2.2, we get 1253.

Hence, M(Ky) = 1(9) = {0,4,6,8, 10, 12} O

Lemma 3.6. M(Kyy) = 1(10).

Proof. Since I(10) = {2z 4+ 1|1 < 2 < 7}. Let K19 = K9 ® K1 9. Then by 3.5 and 2.4, we have
M(Ky0) 2 {0,4,6,8,10,12} + {3} = {3,7,9,11,13,15}. Let V(K19) = {1,...,10}. Then the required
cycles and stars for the case (o, 8) = (5 5) are (2 4,10,7,5,9),(2,3,4,6,9,1),(2,5,8,3,1,7),
(10,3,6,8,7,9), (10,6,5, 1,4,8), (16,8, 1 )(2, 8,10), (5: 3,4, 10), (7: 3, 4, 6),

(9;3,4,8). Hence, M (K19) = I(lO) 11 § < T} O

Lemma 3.7. M(K;2) = I1(12).

P'T’OOf. Since 1(12) = {2$|2 <z< ll}U{O} We write K12:Kg@Kg@K&g:Kg@(KngK&Q) = KQ@H,
where H = K3 U K39. Let V(H) = {1,...,12}. Then the decomposition of H for (a, 8) = (2,6) is as
follows: (12,2,10,4,11,3),(12,5,11,9, 10,8),

(1;10,11,12), (6;10,11,12), (7; 10,11,12), (10; 3,5, 11), (11; 2,8,12), (12:4,9,10). Thus {6} C M(H).
From the above case and by Lemma 3.5, we get («, ) = {(8,6),(5,12)}. Thus {6,12} C M (Ki2).
To show {10, 14,16, 18,20,22} C M (K12), we let K19 = 2Ks & K¢ and apply Lemmas 3.2 and 3.3 we
get {223 <2 <11 & = # 4} C M(K12). We complete the remaining proof in three cases.

(i) a=11 and g =0:

By 2.1, K15 has an 11C3-decomposition

(ii) « = 9 and B = 4: The required cycles and stars are
(1,3,12,4,11,5),(1,6,11,3,9,2), (1,11,7,4,9,10),(1,9,7,6,8,12),
(2,10 8,7,5 3),(2,11,10 7, 12,6),(2,12,5,67 10,4),(3,10,5,9,8,4),
(4,6,9,11,8,5),(1 7,8), (2 5,7,8),(3;6,7,8),(12;9,10,11).

(ili) « =7 and 8 = he requlred cycles and stars are

(1, 6,2,9,1177)7(1 , , 7 3,10),(1,3,9,5,10,11),(9,10,2,1,12,7),
(10,7,6,11,2,8), (10,4, 7, ,5,6),(12,2,3,8,1,9),(3;4,6,11),(4;1,2,8),
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(4:5,9,11), (5:3,7,11), (6:4,9,12), (8;6,9, 11), (12:3,4,5), (12; 8,10, 11).
Therefore M(Ky5) = I(12) = {222 < = < 11} U {0}. O

Lemma 3.8. M(K13) = 1(13)

Proof. Since I(13) = {2z]2 < x < 13}. We can write K13 = K12 ® K7 & K7 3. Then by Lemma 3.7 and
2.4, we have {2x]4 <z < 13} € M(Ki3). Let V(H) = {1,...,13}. Then (o, 8) = {(5,4), (4,6),(13,0)}
and the decomposition of H is given in cases as follows:

(i) a=13 and S =0:

By 2.1, K;3 has 13C3-decomposition

(ii) « = 5 and 8 = 4: The required cycles and stars are

(13,1,12,2,11,3), (13,2, 10,3, 12,4), (13,5, 10,4, 11,8), (13,6, 12,5, 11, 7),

(12,7,10,6,11,9), (10; 1,8,9), (11;1, 10, 12), (12; 8, 10,13), (13;9, 10, 11).

(iti) The decomposition of K13 as K9 @ K4 @ Ky 9 = Ko ® H, where H = K,  K49. o« =4 and 8 = 6:
The required cycles and stars are

(13,1,12,2,11,3), (13,2, 10,3,12,4), (13,5, 10,4, 11,8), (13,6, 12,5,11,7), (10; 7,8, 9),

5,
2

3,5,10
(10;1,6,11), (12;9, 10, 11) (11,1,6,9)( (12;7,8 13),(1)3 9,10,11). Thus {4,6} € M(H). From the above
case and by 3.5, we get (a B) = {(5,4),(4 6)} + (6, ) {(11,4),(10,6)}. Hence, {4,6} € M(K3).
Therefore M(Klg) = I(13) = {2z|2 <z <13} U {0}. O

Lemma 3.9. M(K;5) = I(15).

Proof. Since I(15) = {22 + 1|1 < 2 < 17}. We write K15 = K9 @ K7 @ Kgg = K9 @ K7 @ 2Ky6.
Then M(K15) 2 M(Ko) + M(Kr) + 2M(K16)=1{0,4,6,8,10,12} + {5,7} + 2{0,8}={2z + 1|2 <
x < 17}. We can write K5 = K9 @ K¢ @ Kog=K9 @ H, where H = (K¢ U Kgg). Let
V(H) = {1,...,15}. Then («,5) = (10,3) and the decomposition of H is given as follows:
(15,1,14,2,13,3), (15,2,12, 1,13,4), (15,5, 14,3, 12, 6), (15,7, 14,4, 12, 8),

(15,9, 14, 6,13, 10), (15, 11, 1, 10, 5, 12), (14, 11,2, 10,7, 13), (14, 10,6, 11,7, 12),

(14,15,13,12, 11,8), (11,3,10,8,13,5), (9: 11,12, 13), (10:4,9,12), (11:4,10,13).  Thus {3} € M(H).
From the above case and by Lemma 3.5, we get (o, ) = (10 3) + (6,0) = (16,3). Thus {3} € M(K15).
Therefore M (K15) = I(15) = {2z]1 <z < 17}. O

Lemma 3.10. M(Ki6) = I(16).

P’l"OOf. Since 1(16) = {2I|2 <z< 20} Since K16 = KlO@Kﬁ@K476@K676~ Then M(Klﬁ) D) M(K10)+
M(Kg)+M(Kap)+M(Keg)={2x+1|1 <2 <7}+{5}+{0,8}+{0,4,6,8,10,12}={2x]4 < 2 < 20}. Let
V(K16) = {1,...,16}. Then (o, 8) = {(18,4), (17,6)} and we decompose K1 in three cases as follows:

(i)a-20and,6’=0:

By 2.1, K14 has 20C5-decomposition.

(ii) @ = 18 and B = 4: Let Si = (13;10,11,12), 5% = (14;7,8,9), 55 = (15;4,5,6) and S; = (16;1,2,3)
are 453’s in Ki4. Let H = UleSé is a forest. Then by 2.5, the graph K4 \ H can be decomposed into
18Cg. Thus {4} S M(Klﬁ)

(111) a = 17 and ﬂ = 6: Let K16 = K13 S5 K3 SY K1373:K13 S H, where H = (Kg ©® K1373). Then

(o, B) = (4,6), we can decompose H into 4Cg and 653 as follows:

(16,1,15,3, 14,4), (16,2, 15,5, 14, 6),

(16,7,15,8,14,9), (16,10, 15, 11,14, 12) (14;1,2,7), (14; 10, 13, 15), (15; 4,6, 16), (15;9, 12,13),

(16;3, 5, 8) (16 11,13,14). From the above case and by 1.1, we get {6} € M(H) and {0} € M(Ki3)
respectlvely Hence {6} € M(Kg). Therefore M(Kis) = I(16) = {22]2 < o < 20} U {0}. O

Lemma 3.11. M(K;s) = I(18).

Proof. Since I(18) = {2z + 1|2 < x < 25}. We can write K15 = K12 ® Kg © 2Kg,6. Then M (Kis) 2
M(K12) + M(Kg) + 2M (Kg.6)={22(2 < # < 11} + {5} + 2{0,4,6,8,10,12}={2z + 1|4 < z < 25}, by
Lemmas 3.2, 3.3 and 3.7. Let V(Ky6) = {1,...,16}. Then («, ) = {(23,5),(22,7)}. We decompose
Kis as follows: (i) Let S = (16;7,8,9), 82 = (16;10,11,12), S3 = (16;13,14,15), S¢ = (17;4,5,6) and
S2 = (18;1,2,3) are 5S3’s in Kig. Let Hy = U?_;S% is a forest. Then by 2.5, the graph Kig \ Hi
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can be decomposed into 23Cs. Thus {5} € M (Kys). (i) Let Si = (1;2,3,4),53 = (1;14,15,16), 55 =
(16;13,14,15), S5 = (17;8,9,10), 55 = (17;11,12,13), S§ = (17;14,15,16) and S% = (18;5,6,7) are 7S3’s
in Kig. Let Hy = U/_,S% is a forest. Then by 2.5, the graph Kig \ Hz can be decomposed into 22Cs.
Thus {7} € M(Ks). Therefore M (K;s) = I(18) = {2z + 1|2 < z < 25}. O

4. Main results

In this section, we prove that K, can be decomposed into « copies of Cg and 3 copies of S3 for all
positive integer n > 6, where 6a + 35 = (g), B # 1,2 when n is odd, and 5 > [%] when n is even.

Lemma 4.1. M(Kia,) = I(12r), where r € Z*.

Proof. Necessity: The condition M (Kja,) C I(12r) is trivial, by 1.1. Sufficiency: We have to prove
that M (K12,) 2 I(12r). The proof is by induction on r. If r = 1, then M (K;2) = I(12), by Lemma 3.7.
We write K12r+12 = K12T () K12 D K12T’12 = K12r D K12 () (67‘)K4’6. From the definition of I(n), we have
Hos) — {B(B _@a@is=1) o {(245)(243_ ) 3SJ }
6 12
= {2z[3s <z < 2(24s2 — 5)}.

Hos 4 12) — {5(,@: (245+12§24s+11) i< VMSJFI?;MSJFH) - (243;12)”’
- {2x+2‘ [%1 §x§2(24s2+235+5)}.
Hous 4 20) {B(B= (245+24§24s+23) Cio<i< l(248+24i;243+23) 7(3S+3)J}’

{235‘ [68; 5} <o < 2(24s% + 47s + 23)}.

Case 1. If r = 2s, then Koys112 = Kous @ K12B(125) K4 6. By the induction hypothesis, and Lemmas 3.1,
3.7, we have M(K24S+12) :_> M(K249)+M(K12)+(125)M(K4,6): {2$|3S S x S 2(248275)}+{21’|2 S x S
11} U{0} +(125){0,8} = {2y +2| [ ] < y < 2(245% +23s+5) }. Therefore M (Kass412) = 1(245+12).
Case 2. If r = 2s + 1, then K24S+24 = K24S+12 (5] K12 (5) (128 + 6)K476. By Case 1, and Lemmas
3.1, 37, we have M(K24s+24) 2 M(K24s+12) + M(Klg) + (128 + 6)M(K4,6):{233 + 2| ’765274»1-‘ S xr S
2(24s? +23s+5) } + {22(2 < x < 11} + (125+6){0, 8} ={2y| [ 9512 <y < 2(24s* +47s+23)}. Therefore
M (Kags124) = 1(245 +24). Thus M (K12,) = I(12r) for each r € ZT. O

Lemma 4.2. M(Ki2,41) = I(12r + 1), where r € Z*.

Proof. Necessity: The condition M (Kyg,+1) € I(12r 4+ 1) is trivial, by 1.1. Sufficiency: We have to
prove that M (Ki2,121) 2 I(12r + 1). The proof is by induction on r. If » = 1, then M (Ky3) = 1(13),
+
by Lemma 3.8. We can write Kio,413 = Ki9,41 ® K13 P K12r,12 = K941 Ki13® (6T)K4’6. From the
definition of I(n), we have
[(245+1) = {5‘5: % 9 0<i< {%J B 172}7
{22]0 < & < 2(24s% + 5),z £ 1}.
(245 +13) = {ﬁ‘ﬁ _ (24s + 13)6(24s+ 12) 2%, 0<i< {(24s+ 13i;24s + 12)J B 172}7
{22]0 < = < 2(24s% + 2554 6) + 1,2 # 1}.
(245 +25) = {5‘5 _ (24s + 25)6(24s+24) 9 0<i< {(24s+25i;24s + 24)J B 172}7
{22]0 < & < 2(24s% + 495 4 25), ¢ # 1}.

Case 1. If r = 2s, then Kogsy13 = Koas41 D K13® (125) K4 6. By the induction hypothesis, and Lemmas
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3.1, 38, we have M(K24S+13) 2 M(K243+1) + M(K13) + (128)M(K4)6): {2.(1,‘|0 S T S 2(2482 + s),x 7&
1} + {222 < 2 < 13} U {0} + (125){0,8} = {2y|0 < y < 2(24s® + 255 + 6) + 1,y # 1}. Therefore
M(K24S+13) = I(24S + 13)

Case 2. If r = 25 + 1, then Kossyos = Koust13 ® K13 @ (125 + 6)K46. By Case 1, and Lemmas 3.1,
3.8, we have M(K24S+25) 2 M(K24S+13) + M(K13> + (128 + 6)M(K4,6):{2$‘0 S x S 2(2482 + 25s +
6) + 1,2 # 1} + {222 < 2 < 13} + (125 + 6){0,8}={2y|0 < y < 2(24s? + 49s + 25),y # 1}. Therefore
M (Ka4s4+25) = I(24s + 25). Thus M (Ki2,41) = I(12r + 1) for each r € Z*. O

Lemma 4.3. M (Ki2,,3) = I(12r + 3), where r € Z+.

Proof. Necessity: The condition M (Ki2,43) C I(12r + 3) is trivial, by 1.1. Sufficiency: We have to
prove M(Kjo,.43) 2 I(12r + 3). The proof is by induction on r. If r = 1, then M(K;5) = I(15), by
Lemma 3.9. We write K12,43 = Kio,—5 ® K9 ® 2(2r — 1)Ky 6. From the definition of I(n), we have

24s — 5)(24s — 6)

(245 5) = {5‘32( (245 — 5)(245 — 6) — 12

—2,0<4i<
6 12

7&#172

= {2411 <z <2(24s® —11s+ 1)}

[(245+3) = {6\6=w72i7095 (24s+3)(214125+2)—12 7%&172},
= {2z4 1|1 <z < 2(245% + 55)}. _ _
I(24s +7) = {ﬁm:wi%’ 0<i< (24s+7)(21425+6)*12 ,ﬁ;ﬁl,Q},

{22+ 3]0 < = < 2(24s% + 135+ 1)}.

L2454 15) = {ﬁ‘ﬁ: (24s+15);245+14)

{22 + 3]0 < = < 2(24s% + 295 + 8)}.

i 0<i< {(z4s+15)(24s+14)712J,B#LQ}

12

Case 1. If r = 2s, then Kagsy3 = Koas—9 ® K13 @ (125 — 4) K, 6. By the induction hypothesis, and by
Lemmas 3.1 and 35, we have M(K245+3) 2 M(K12T_5) @M(Kg) @2(27“ — 1)M(K476)= {2$+ 1|1 S x S
2(24s% — 11s + 1)} + {22]2 < 2 < 13} + (125 — 4){0,8} = {2y + 1|1 < y < 2(24s% + 5s)}. Therefore,
M(K245+3) = 1(248 + 3)

Case 2. If r = 2s+1, then Koyst15 = Kous47® Ko ®2(4s+1)K4 6. By Case 1, and by Lemmas 3.1, 3.5,
we have M(K24s+15) 2 M(K243+4) + M(Kg) + 2(45 + 1)M(K4,6):{2$ + 3|1 S xr S 2(2482 + 13s + 1)} +
{0,4,6,8,10,12}+2(45+1){0,8}={2y+3|0 < y < 2(24524+295+8)}. Therefore M (K24s115) = I(245+15).
Thus M (Ki2,43) = I(12r 4 3) for each r € Z+. O

Lemma 4.4. M (Ki9,44) = I(12r +4), where r € Z7T.

Proof. Necessity: The condition M (K1g,+4) C I(12r + 4) is trivial, by 1.1. Sufficiency: We have to
prove that M (Kj9,44) 2 1(12r 4+ 4). The proof is by induction on r. If r = 1, then M (K;6) = I(16), by
Lemma 3.10. We write K127-+16 = K127-+4 (&%) K12 ©® K127-+4712 = K127-+4 D Klg D (6’/‘ + 2)K476. From the
definition of I(n), we have

I(24s+4) = {ﬂ(ﬂ - w

= {2z +2|3s <z < 2(24s% + Ts)}.

Cgi0<is< {(24s+4i;24s+3) B (2438+ 4)J }

124 4 16) = {B(,B _ (24s+16§24s+15) Cbio<i< {(243—1—161;245—&—15) - (243;—16)J}7
- {213( {?W << 2(245% + 31s + 10)}.
Hos 1 28) {5(5= (24s+28)6(24s+27) i 0<i< [(24s+28i;24s+27) - (243;28)J},

65+ 5
{2174—2‘ [%w <z < 2(245% + 555 +31)}.

Case 1. If r = 2s, then Kosst16 = Koas+a @ K12 & (125 + 2)K4 6. By the induction hypothesis, and
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Lemmas 3.1, 3.7, we have M (Ka4s116) 2 M (Koasta) + M(K12) + (125 + 2)M (K4 6)={2x +2|3s <z <
2(24s% 4+ 7s)} + {222 < = < 11} U {0} + (125 + 2){0,8} = {2y| [®3] < y < 2(24s% + 31s + 10)}.
Therefore M (Ka45116) = I(24s + 16).

Case 2. If r =25+ 1, then Koyst08 = Kogst16 D K12 @ (125 4+ 8) Ky 6. By Case 1, and Lemmas 3.1, 3.7,
we have M(K243+28) :_) M(K24S+16) + M(Klg) + (128 + 8)M(K4y6):{2$‘ IV%—I S x S 2(2452 + 31s +
10)} + {22(2 < @ <11} U {0} + (12s + 8){0,8}={2y + 2| [85F2] < x < 2(24s® + 555 + 31)}. Therefore
M (Ka4s428) = I(24s + 28). Thus M (Ki2,44) = I(12r + 4) for each r € Z*. O

Lemma 4.5. M(Ki2,46) = I(12r + 6), where r € ZT U {0}.

Proof. Necessity: The condition M (Ki2,46) C I(12r 4 6) is trivial, by 1.1. Sufficiency: We have
to prove that M (Ki2,46) 2 I(12r 4+ 6). The proof is by induction on r. If r = 0 and » = 1, then
M(Ky) = I(k), where k = 6,18 by Lemmas 3.3 and 3.11. We can write Ki2,115 = Ki2r+6 ® K12 @
K12r+6,12 = K12r+6 D K12 D (67‘ + 3)K476. From the definition of I(n), we have

Hoas46) {B(ﬁ= (24s+6)6(24s+5) i o<i< {(24s+6i;24s+5) B (2438+ G)J},
- {2x+ 1‘ [6s+ ﬂ <z <2245 + 11s + 1)}.
H2s 4 18) — {ﬁ‘ﬁ _ (24s+18§24s+17) Cbio<i< {(243—1—181;245—&—17) - (243;18)J}7
- {2x+3‘ [@-‘ <z < 2(2452 + 355 + 12)}.
Lot 4 30) — {5(5 _ (24s+302(24s+29) i 0<i< [(24s+30i;248+29) - (243;30)”’
- {235 + 1‘ [65+ q <z < 2(24s% + 59s +36)}.

Case 1. If r = 2s, then Koyst118 = Kogst6 ® K12 ® (125 + 3)K4 6. By the induction hypothesis, and
Lemmas 3.1 3.7, we have M (Kass118) 2 M(Kaasqe) + M (Ki2) + (125 + 3)M (Ky6)={2z + 1| [85] <
x < 2(245%+11s+1) }+{22|2 < = < 11}U{0}+(125+3){0, 8} ={2y+3| [85] <y < 2(245%+355+12)}.
Therefore M (Ka45418) = I(24s + 18).

Case 2. If r = 25 + 1, then Kousi30 = Koasr1s @ K12 @ (125 + 9)K46. By Case 1, and Lemmas
3.1, 37, we have M(K245+30) 2 M(K245+18) + M(Klg) + (128 + 9)M(K4,6):{2$ + 3‘ ’763%1—‘ S x S
2(24s? +35s+12) } + {22(2 < @ < 11} U{0} + (125 +9){0, 8} ={2y + 1| [FT] < y < 2(245% + 595+ 36) }.
Therefore M (Kass130) = [(24s + 30). Thus M (K12,16) = I(12r + 6) for each r € ZT U {0}. O

Lemma 4.6. M(Ki2,47) =1(12r +7), where r € Z* U {0}.

Proof. Necessity: The condition M (Ki2,47) C I(12r + 7) is trivial, by 1.1. Sufficiency: We have to
prove that M (Ki2,4+7) 2 I(12r + 7). The proof is by induction on r. If r = 0, then M (K7) = I(7), by
Lemma 3.4. We can write K12r+19 = K121‘+7 D K13 (&) K127‘+6}12 == K127‘+7 D K13 (5] (67“ + 3)K476. From
the definition of I(n), we have

10154 7) = {p]s = QRTDCEY

= {2043|0 <z < 2(24s% +13s + 1)}

(245 +19) = {ﬁ‘ﬁ _ (24s + 19);245 + 18)

= {2043|0 <2 < 2(24s% + 375+ 13) + 1}.

24 1)(24
1(24s + 31) = {5‘5: (245 +3 )é s +30)
= {22 +3]|0 <z < 2(24s% + 615 + 38)}.

Cgi0<is< {(24s+7)(245+6)712J7 6#1,2},

12

i 0<i< {(24s+19)(24s+18)712J,ﬁ7é1’2}7

12

Cgi0<is< {(24s+31)(24s+30)712J ’ 57&1’2}7

12

Case 1. If r = 25, then K24s+19 = K24s+7 D K13 D (125 + 3)K476. By induction hypothesis, and
Lemmas 3.1, 3.8, we have M (Ka45119) 2 M (Kaoas47) + M(K13) + (125 + 3) M (K46)={22 + 3|0 < z <
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2(2452 + 135 + 1)} + {22]2 < = < 13} U {0} + (125 + 3){0, 8} ={2y + 3]0 < y < 2(24s> + 37s + 13) + 1}.
Therefore M (Ka45419) = I(24s + 19).

Case 2. If r = 25+ 1, then Kousy31 = Koast19 @ K13 @ (125 + 9)Ky 6. By Case 1, and Lemmas 3.1,
3.8, we have M(K245+31) D) M(K24S+19) + M(Kld) + (128 + 9)M(K4’6):{2£L' + 3|0 <z< 2(2482 + 37s +
13) + 1} + {222 < 2 < 13} U {0} + (125 + 9){0,8}={2y + 3|0 < y < 2(24s% + 61s + 38)}. Therefore
M(K24s+31) = 1(245 + 31) Thus M(K12T+7) = 1(127’ + 7) for each r € Z+ U {0} ]

Lemma 4.7. M(Ki2,49) = I(12r +9), where r € Z*T U {0}.

Proof. Necessity: The condition M(Ki2,49) C I(12r +9) is trivial, by 1.1. Sufficiency: We have to
prove that M (Ki2,49) 2 I(12r +9). The proof is by induction on r. If r = 0, then M (Ky) = I(9), by
Lemma 3.5. We can write K12T+21 = K12T+9 D K13 ) K12r+8,12 = K12r+9 D K13 D (67" + 4)K476. From
the definition of I(n), we have

1015 19) = {p]p = PETACLTY

{22]0 < & < 2(24s% + 175+ 3),x # 1}.

i o<i< {(24s+9i;24s+8)J

,ﬂ¢1,2},

(245 +21) = {B‘ﬁ: (24s+21)6(24s+20) C9i0<i< {(24s+21i;24s+20)J B 172}7
= {22|0 <z < 2(24s? +41s +17) + 1,z # 1}.
I(245 4 33) = {5‘5: (24s+33)6(24s+32) % 0<i< V24S+33i;245+32)J B 172}7

= {22|0 < = < 2(24s% + 655 + 44),z # 1}.

Case 1. If r = 2s, then Kogsyo1 = Kossyo @ K13 ® (12s + 4)K46. By the induction hypothesis,
and Lemmas 31, 38, we have M(K245+21) D) M(K24S+9) + M(Klg) + (128 + 4)M(K4’6):{2$|0 <z <
2(245*+17s+3), x # 1}+{2z|2 < 2 < 13}U{0}+(125+4){0,8}={2y|0 < y < 2(24s*+41s+17)+1,y # 1}.
Therefore M(K24s+21) = I(24S + 21)

Case 2. If r = 2541, then Kaus133 = Koas121 DK13B(125+10) K4 6. By Case 1, and Lemmas 3.1, 3.8, we
have M(K24S+33) 2 M(K24S+21)+M(K13) +(12S+10)M(K4’6):{2.’I}|0 S x S 2(2482+418+17)+17$L’ 7&
1} + {22]2 < = < 13} U {0} + (125 + 10){0,8}={2y|0 < y < 2(24s* + 655 + 44),y # 1}. Therefore
M (Ka4s4+33) = I(24s + 33). Thus M (Ki2,4+9) = I(12r +9) for each r € Z* U {0}. O

Lemma 4.8. M (Ki2,410) = I(12r + 10), where r € Z* U {0}.

Proof. Necessity: The condition M (Kja2,410) C I(12r 4 10) is trivial, by 1.1. Sufficiency: We have to
prove that M (Ki2,410) 2 I(12r 4+ 10). The proof is by induction on r. If » = 0, then M (Ko) = I(10),
by Lemma 3.6. We write Ki9,110 = K12, ® K15 P Klgrfgﬁlg = K9, s D K15D (97" — 6)K4’6. From the
definition of I(n), we have

(245 —8) = {B‘B: (248_8§248_9) 9 0<i< {(245—822245—9) B (2458— S)J}7
- {295‘ [6S; 3] <o < 22482 — 17s+3)}.
(245 +10) = {,3‘5 _ (24s + 102(248 +9) 9 0<i< {(248 + 12)2(248 +9) . (248;— IO)J }’

{zx +3|3s < & < 2(24s% 4 19s + 3)}.

I(24s +22) = {2m +3|3s+2 < x < 2(24s% + 435 + 18) + 1}.

Case 1. If r = 2s, then Kossy10 = Kous—s @ K18 ® (185 — 6) K4 6. By the induction hypothesis, and
Lemmas 3.1 and 3.11, we have M (Ka4s410) 2 M(Kaygs—s) + M (K1s) + (185 — 6)M(K4)6):{2x| {%] <
<2024 —17s +3)} + {22 + 1|2 < o < 25} + (185 — 6){0,8}={2y + 3[3s < y < 2(24s® + 195 + 3) }.
Therefore M (Ka45410) = I(24s + 10).

Case 2. If r = 2541, then Kays190 = Ko4514PK18B(185+3) K4 6. By Lemmas 3.1, 3.11 and 4.4, we have

139
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M(K245+22> D M(K245+4) + M(Klg) + (185 + 3)M(K4,6>:{2$ + 2|38 <z< 2(2482 + 78)} + {21‘ + 1|2 <
x < 25} 4 (18s + 3){0,8}={2y + 3|3s < y < 2(245% 4 195 + 3) }. Therefore M (Kays122) = I(24s + 22).
Thus M (K12,+10) = I(12r 4+ 10), for all integer n > 6. O

The consequences of 4.1 to 4.8 implies our main result as follows.

Theorem 4.9. Let o, 3 € Z1 U{0}, and 6 < n € Zt. K, has a {Cg, S3}{1*P} -decomposition if and only
if 6+ 38 = (Z), B # 1,2 when n is odd, and 3 > [%] when n is even. That is, M(K,) = I(n), where
6<neZt.

Proof. Necessity follows from Theorem 1.1 and the sufficiency follows from our results in Lemmas 4.1
to 4.8. O
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