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1. Introduction

The notion of δ-derivations was initiated by V. Filippov for Lie algebras in [16, 17]. The space
of δ-derivations includes usual derivations (δ = 1), anti-derivations (δ = −1) and elements from the
centroid. In [17] it was proved that prime Lie algebras, as a rule, do not have nonzero δ-derivations (in
case of δ ̸= 1,−1, 0, 1

2 ), and all 1
2 -derivations of an arbitrary prime Lie algebra A over the field F ( 16 ∈ F)

with a non-degenerate symmetric invariant bilinear form were described. It was proved that if A is a
central simple Lie algebra over a field of characteristic p ̸= 2, 3 with a non-degenerate symmetric invariant
bilinear form, then any 1

2 -derivation D has the form D(x) = λx for some λ ∈ F. In [18], δ-derivations
were investigated for prime alternative and non-Lie Malcev algebras, and it was proved that alternative
and non-Lie Malcev algebras with certain restrictions on the ring of operators F have no non-trivial
δ-derivation.

Local derivations are useful tools in studying the structure of rings and algebras, where there are
still many related unsolved problems. R.V. Kadison, D.R. Larson and A.R. Sourour first introduced the
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notion of local derivations on algebras in their remarkable paper [20, 24]. Since then many researches have
been studying local derivations of different types of algebras (e.g. see [1–4, 6, 7, 10, 21]). In [6] the authors
proved that every local derivation on a finite-dimensional semisimple Lie algebra L over an algebraically
closed field of characteristic zero is a derivation. In [10] local derivations of solvable Lie algebras are
investigated and it is shown that in the class of solvable Lie algebras, there exist algebras which admit
local derivations which are not ordinary derivation and also algebras for which every local derivation
is a derivation. Moreover, it is proved that every local derivation on a finite-dimensional solvable Lie
algebra with model nilradical and maximal dimension of complementary space is a derivation. In [21], the
authors proved that every local derivations on solvable Lie algebras whose nilradical has maximal rank
is a derivation. In [3], the authors proved that every local derivation on the conformal Galilei algebra
is a derivation. The results of the paper [7] show that p-filiform Leibniz algebras as a rule admit local
derivations which are not derivations. In [2] the authors proved proved that direct sum of null-filiform
nilpotent Leibniz algebras as a rule admit local derivations which are not derivations.

We note that aforementioned algerbas are finite-dimensional algebras. In the infinite-dimensional
case, the authors of [8, 14, 27] proved that every local derivation on some class of the locally simple Lie
algebras, generalized Witt algebras, Witt algebras, the Witt algebras over a field of prime characteristic
is a derivation.

A similar notion, which characterizes non-linear generalizations of automorphisms and derivations,
was introduced by P. Šemrl in [25] as 2-local automorphisms (respectively, 2-local derivations).

Several papers have been devoted to similar notions and corresponding problems for 2-local deriva-
tions and automorphisms of Lie algebras [5, 8, 9, 11–13, 19, 26, 28]. Namely, in [5] it is proved that
every 2-local derivation on the semi-simple Lie algebras is a derivation and that each finite-dimensional
nilpotent Lie algebra, with dimension larger than two admits 2-local derivation, which is not a deriva-
tion. Let us present a list of finite or infinite-dimensional Lie algebras for which all 2-local derivations are
derivations: finite-dimensional semi-simple Lie algebras over an algebraically closed field of characteristic
zero; infinite-dimensional Witt algebras over an algebraically closed field of characteristic zero; locally
finite split simple Lie algebras over a field of characteristic zero; Virasoro algebras; Virasoro-like algebra;
the Schrodinger-Virasoro algebra; Jacobson-Witt algebras; planar Galilean conformal algebras.

Investigation of local and 2-local δ-derivations on Lie algebras was initiated in [22] by A. Khudoy-
berdiyev and B. Yusupov. Namely, in [22] it is proved we introduce the notion of local and 2-local
δ-derivations and describe local and 2- local 1

2 -derivation of finite-dimensional solvable Lie algebras with
filiform, Heisenberg, abelian nilradicals. Moreover, we give the description of local 1

2 -derivation of os-
cillator Lie algebras, conformal perfect Lie algebras, and Schrödinger algebras. Similar problem [23] U.
Mamadaliyev, A. Sattarov and B. Yusupov investigated local and 2-local 1

2 -derivations on Leibniz alge-
bras. They proved that any local 1

2 -derivation on the solvable Leibniz algebras with model or abelian
nilradicals, whose the dimension of complementary space is maximal is a 1

2 -derivation. They proved
that solvable Leibniz algebras with abelian nilradicals, which have 1-dimension complementary space
is a 1

2 -derivation. Moreover, similar problem concerning 2-local 1
2 -derivations of such algebras are in-

vestigated and an example of solvable Leibniz algebra given such that any 2-local 1
2 -derivation on it

is a 1
2 -derivation, but which admit 2-local 1

2 -derivations which are not 1
2 -derivations. B. Yusupov, V.

Vaisova and T. Madrakhimov proved similar results concerning local 1
2 -derivations of naturally graded

quasi-filiform Leibniz algebras of type I in their recent paper [29]. They proved that quasi-filiform Leibniz
algebras of type I, as a rule, admit local 1

2 -derivations which are not 1
2 -derivations.

In the present paper we study 1
2 -derivation, local 1

2 -derivation and 2-local 1
2 -derivation p-filiform

Leibniz algebras. In Section 3 we describe the 1
2 -derivation p-filiform Leibniz algebras. In Section 4

we describe the local 1
2 -derivation p-filiform Leibniz algebras. We show that in section 4 we describe

p-filiform Leibniz algebras as a rule admit local(2-local) 1
2 -derivation which are not 1

2 -derivation.
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2. Preliminaries

In this section we give some necessary definitions and preliminary results.

Definition 2.1. A vector space with bilinear bracket (L, [·, ·]) is called a Leibniz algebra if for any x, y, z ∈
L the so-called Leibniz identity [

x, [y, z]
]
=
[
[x, y], z

]
−
[
[x, z], y

]
,

holds.

Let L be a Leibniz algebra. For a Leibniz algebra L consider the following central lower and derived
sequences:

L1 = L, Lk+1 = [Lk,L1], k ≥ 1,

L[1] = L, L[s+1] = [L[s],L[s]], s ≥ 1.

Definition 2.2. A Leibniz algebra L is called nilpotent (respectively, solvable), if there exists p ∈ N
(q ∈ N) such that Lp = 0 (respectively, L[q] = 0).The minimal number p (respectively, q) with such
property is said to be the index of nilpotency (respectively, of solvability) of the algebra L.

Now let us define a naturally graduation for a nilpotent Leibniz algebra.

Definition 2.3. Given a nilpotent Leibniz algebra L, put Li = Li/Li+1, 1 ≤ i ≤ n − 1, and gr(L) =
L1 ⊕L2 ⊕ · · · ⊕ Ln−1. Then [Li,Lj ] ⊆ Li+j and we obtain the graded algebra gr(L). If gr(L) and L are
isomorphic, then we say that an algebra L is naturally graded.

Now we define the notion of characteristic sequence, which is one of the important invariants. For
a finite-dimensional nilpotent Leibniz algebra N and for the matrix of the linear operator Rx denote by
C(x) the descending sequence of its Jordan blocks’ dimensions. Consider the lexicographical order on
the set C(N) = {C(x) | x ∈ N}.

Definition 2.4. The sequence (
max

x∈N\N2
C(x)

)
is said to be the characteristic sequence of the nilpotent Leibniz algebra N.

Definition 2.5. A Leibniz algebra L is called p-filiform, if the characteristic sequence is C(L) = (n −
p, 1, . . . , 1︸ ︷︷ ︸

p

).

Definition 2.6. Let (L, [−,−]) be an algebra with a multiplication [−,−], D be a linear map and D be
a bilinear map. Then D is a δ-derivation if it satisfies

D[x, y] = δ
(
[D(x), y] + [x,D(y)]

)
.

Note that 1-derivation is a usual derivation and (−1)-derivation is called anti-derivation. If D1 and
D2 are δ1 and δ2-derivations, respectively, then their commutator [D1, D2] = D1D2 − D2D1 ia a δ1δ2
derivation. Thus, the set of all δ-derivations of a Lie algebra L is a Lie algebra with respect to the
commutator. The set of all δ-derivations, we denote by Derδ(L).

Definition 2.7. A linear operator ∆ is called a local δ-derivation, if for any x ∈ L, there exists a δ-
derivation Dx : L → L (depending on x) such that ∆(x) = Dx(x). The set of all local δ-derivations on L
we denote by LocDerδ(L).
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Definition 2.8. A map ∇ : L → L (not necessary linear) is called a 2-local δ-derivation, if for any
x, y ∈ L, there exists a δ-derivation Dx,y ∈ Derδ(L) such that

∇(x) = Dx,y(x), ∇(y) = Dx,y(y).

It should be noted that 2-local δ-derivation is not necessary linear, but for any x ∈ L and for any
scalar λ, we have that

∇(λx) = Dx,λx(λx) = λDx,λx(x) = λ∇(x).

In this work, we focus on investigating local and 2-local 1
2 -derivations. Note that the main example

of 1
2 -derivations is the multiplication by an element from the ground field, i.e., D(x) = λx for all x ∈ L.

Such kind of 1
2 -derivations are called trivial 1

2 -derivations.

Since we shall consider naturally graded non-Lie p-filiform nilradical we give its classication.

Theorem 2.9. [15] An arbitrary n-dimensional naturally graded non-split p-filiform Leibniz algebra
(n− p ≥ 4) is isomorphic to one of the following non-isomorphic algebras:

if p = 2k, then

µ1 :

{
[ei, e1] = ei+1, 1 ≤ i ≤ n− 2k − 1,

[e1, fj ] = fk+j , 1 ≤ j ≤ k,

µ2 :


[ei, e1] = ei+1, 1 ≤ i ≤ n− 2k − 1,

[e1, f1] = e2 + fk+1,

[ei, f1] = ei+1, 2 ≤ i ≤ n− 2k − 1,

[e1, fj ] = fk+j , 2 ≤ j ≤ k,

if p = 2k + 1, then

µ3 :


[ei, e1] = ei+1, 1 ≤ i ≤ n− 2k − 2,

[e1, fj ] = fk+1+j , 1 ≤ j ≤ k,

[ei, fk+1] = ei+1, 1 ≤ i ≤ n− 2k − 2,

where {e1, e2, . . . , en−p, f1, f2, . . . , fp} is the basis of the algebra and the omitted products are equal to
zero.

In order to simplify our further calculations for the algebra µ3, by taking the change of basis in the
following form:

e′1 = e1, e′2 = e1 − fk+1, e′i+1 = ei, 2 ≤ i ≤ n− 2k − 1, f ′
j = fj ,

f ′
k+j = fk+1+j , 1 ≤ j ≤ k,

we obtain the table of multiplication of the algebra µ3, which we shall use throughout the paper:

µ3 :


[e1, e1] = e3,

[ei, e1] = ei+1, 2 ≤ i ≤ n− 2k − 1,

[e1, fj ] = fk+j , 1 ≤ j ≤ k,

[e2, fj ] = fk+j , 1 ≤ j ≤ k.
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3. 1
2-derivations of naturally graded non-Lie p-filiform Leibniz

algebras

In order to start the description we need to know the 1
2 -derivations of naturally graded non-Lie

p-filiform Leibniz algebras.

Proposition 3.1. Any 1
2 -derivations of the algebra µ1 has the following matrix form:

D(e1) =

n−2k∑
j=1

ajej +

2k∑
j=1

bjfj ,

D(e2) = a1e2 + 2−1
n−2k∑
j=3

aj−1ej + 2−1
k∑

j=1

bjfk+j ,

D(ei) = a1ei + 2−i+1
n−2k∑
j=i+1

aj−i+1ej , 3 ≤ i ≤ n− 2k,

D(fi) = cn−2k,ien−2k +
2k∑
j=1

dj,ifj , 1 ≤ i ≤ k,

D(fk+i) = 2−1a1fk+i + 2−1
k∑

j=1

dj,ifk+j , 1 ≤ i ≤ k.

Proof. Let {e1, f1, f2, . . . , fk} be a generator basis elements of the algebra µ1.

We put

D(e1) =

n−2k∑
i=1

aiei +

2k∑
i=1

bifi, D(fi) =

n−2k∑
j=1

cj,iej +

2k∑
j=1

dj,ifj , 1 ≤ i ≤ k.

From the 1
2 -derivation property (2.6) we have

D(e2) = D([e1, e1]) =
1

2
([D(e1), e1] + [e1, D(e1)]) =

=
1

2

(
[

n−2k∑
i=1

aiei +

2k∑
i=1

bifi, e1] + [e1,

n−2k∑
i=1

aiei +

2k∑
i=1

bifi]

)
=

= a1e2 + 2−1
n−2k∑
j=3

aj−1ej + 2−1
k∑

j=1

bjfk+j .

Buy applying the induction and the 1
2 -derivation property (2.6) we derive

D(ei) = a1ei + 2−i+1
n−2k∑
j=i+1

aj−i+1ej , 3 ≤ i ≤ n− 2k.
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Consider

0 = D([fi, e1]) =
1

2
([D(fi), e1] + [fi, D(e1)]) =

=
1

2

[

n−2k∑
j=1

cj,iej +

2k∑
j=1

dj,ifj , e1] + [fi,

n−2k∑
i=1

aiei +

2k∑
i=1

bifi]

 =

= 2−1
n−2k−1∑

j=1

cj,iej+1, 1 ≤ i ≤ k.

Consequently,

cj,i = 0, 1 ≤ i ≤ k, 1 ≤ j ≤ n− 2k − 1.

Similarly, from D(fk+i) = D([e1, fi]), 1 ≤ i ≤ k, we deduce

D(fk+i) = 2−1a1fk+i + 2−1
k∑

j=1

dj,ifk+j , 1 ≤ i ≤ k.

Complete the proof of proposition.

Proposition 3.2. Any 1
2 -derivation of the algebra µ2 has the following matrix form:

D(e1) =

n−2k∑
j=1

ajej +

2k∑
j=1

bjfj ,

D(e2) = (a1 + 2−1b1)e2 + 2−1
n−2k∑
j=3

aj−1ej + 2−1
k∑

j=1

bjfk+j ,

D(ei) = (a1 + (1− 21−i)b1)ei + 21−i
n−2k∑
j=i+1

aj−i+1ej , 3 ≤ i ≤ n− 2k,

D(f1) = cn−2k,1en−2k + (a1 + b1)f1 +

2k∑
j=2

dj,1fj ,

D(fi) = cn−2k,ien−2k +

2k∑
j=2

dj,ifj , 2 ≤ i ≤ k,

D(fk+1) = a1fk+1 + 2−1
k∑

j=1

(dj,1 − bj)fk+j ,

D(fk+i) = 2−1a1fk+i + 2−1
k∑

j=2

dj,ifk+j , 2 ≤ i ≤ k.

Proof. The proof follows by straightforward calculations similarly to the proof of Proposition 3.1.

Proposition 3.3. Any 1
2 -derivation of the algebra µ3 has the following matrix form:
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D(e1) =

n−2k∑
j=1

ajej +

2k∑
j=1

bjfj ,

D(e2) = (a1 + a2)e2 +

n−2k−1∑
j=3

ajej + αn−2ken−2k +

2k∑
j=k+1

βjfj ,

D(e3) = (a1 + 2−1a2)e3 +
1

2

n−2k∑
j=4

aj−1ej +
1

2

k∑
j=1

bjfk+j ,

D(ei) = (a1 + 22−ia2)ei + 22−i
n−2k∑
j=i+1

aj−i+2ej , 4 ≤ i ≤ n− 2k,

D(fi) = cn−2k,ien−2k +

2k∑
j=1

dj,ifj , 1 ≤ i ≤ k,

D(fk+i) = 2−1(a1 + a2)fk+i + 2−1
k∑

j=1

dj,ifk+j , 1 ≤ i ≤ k.

Proof. The proof follows by straightforward calculations similarly to the proof of Proposition 3.1.

Remark 3.4. The dimensions of the space of 1
2 -derivation of the algebras µ1, µ2 and µ3 are

dimDer 1
2
(µ1) = n+ 2k2 + k,

dimDer 1
2
(µ2) = n+ 2k2 + 1,

dimDer 1
2
(µ3) = n+ 2k2 + 2k + 1,

where k ∈ N and n ≥ 2k + 4.

4. Local and 2-local 1
2-derivation of naturally graded non-Lie p-

filiform Leibniz algebras

Now we shall give the main result concerning local and 2-local 1
2 -derivations of naturally graded

non-Lie p-filiform Leibniz algebras.

In the following theorem we give the description of local 1
2 -derivation of the algebra µ1.

Theorem 4.1. Let ∆ be a linear operator on µ1. Then ∆ is a local 1
2 -derivation, if and only if its matrix
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has the form:

∆(e1) =

n−2k∑
i=1

γi,1ei +

2k∑
i=1

γn−2k+i,1fi,

∆(e2) =

n−2k∑
i=2

γi,2ei +

2k∑
i=k+1

γn−2k+i,2fi,

∆(ei) =

n−2k∑
i=j

γi,jei, 3 ≤ j ≤ n− 2k,

∆(fj) = γn−2k,n−2k+jen−2k +

2k∑
i=1

γn−2k+i,n−2k+jfi, 1 ≤ j ≤ k,

∆(fj) =

2k∑
i=k+1

γn−2k+i,n−2k+jfi, k + 1 ≤ j ≤ 2k.

(1)

Proof. (⇒) Assume that ∆ is a local 1
2 -derivation of µ1 :

∆(ei) =

n−2k∑
i=1

γi,jei +

2k∑
i=1

γn−2k+i,jfi, 1 ≤ j ≤ n,

∆(fj) =

n−2k∑
i=1

γi,n−2k+jei +

2k∑
i=1

γn−2k+i,n−2k+jfi, 1 ≤ j ≤ 2k.

Take a 1
2 -derivation De2 such that ∆(e2) = De2(e2). Then

∆(e2) =

n−2k∑
i=1

γi,2ei +

2k∑
i=1

γn−2k+i,2fi,

De2(e2) = a1e2 + 2−1
n−2k∑
j=3

aj−1ej + 2−1
k∑

j=1

bjfk+j .

Comparing the coefficients, we conclude that γ1,2 = γn−2k+i,2 = 0 for 1 ≤ i ≤ k.

We take a 1
2 -derivation Dej such that ∆(ej) = Dej (ej), where 3 ≤ j ≤ n− 2k. Then

∆(ej) =

n−2k∑
i=1

γi,jei +

2k∑
i=1

γn−2k+i,jfi,

Dej (ej) = a1ej + 2−j+1
n−2k∑
i=j+1

ai−j+1ei.

Comparing the coefficients at the basis elements for ∆(ej) and Dej (ej), we obtain the identities

γt,j = γn−2k+i,j = 0, 3 ≤ j ≤ n− 2k, 1 ≤ i ≤ 2k, 1 ≤ t ≤ j − 1.

282



B. Yusupov / J. Algebra Comb. Discrete Appl. 12(3) (2025) 275–288

We take a 1
2 -derivation Dfj such that ∆(fj) = Dfj (fj), where 1 ≤ j ≤ k. Then

∆(fj) =

n−2k∑
i=1

γi,n−2k+jei +

2k∑
i=1

γn−2k+i,n−2k+jfi,

Dfj (fj) = cn−2k,jen−2k +

2k∑
i=1

di,jfi.

Comparing the coefficients at the basis elements for ∆(fj) and Dfj (fj), we obtain

γi,n−2k+j = 0, 1 ≤ j ≤ k, 1 ≤ i ≤ n− 2k − 1.

Now, take a 1
2 -derivation Dfj such that ∆(fj) = Dfj (fj), where k + 1 ≤ j ≤ 2k. Then

∆(fj) =

n−2k∑
i=1

γi,n−2k+jei +

2k∑
i=1

γn−2k+i,n−2k+jfi,

Dfj (fj) = 2−1a1fk+i + 2−1
k∑

j=1

dj,ifk+j ,

which implies

γi,n−2k+j = 0, k + 1 ≤ j ≤ 2k, 1 ≤ i ≤ n− k.

(⇐) Assume that the operator ∆ has the form (1). For an arbitrary element

x =

n−2k∑
i=1

ξiei +

2k∑
i=1

ζifi,

we have

D(x)e1 = a1ξ1,

D(x)ei = aiξ1 +
i−2∑
j=1

2−j
1 ai−jξj+1 + a1ξi, 2 ≤ i ≤ n− 2k − 1,

D(x)en−2k
= an−2kξ1 +

n−2k−2∑
j=1

2−jan−2k−jξj+1 + a1ξn−2k +

k∑
j=1

cn−2k,jζj ,

D(x)fi = biξ1 +

k∑
j=1

di,jζj , 1 ≤ i ≤ k,

D(x)fi = biξ1 + 2−1bi−kξ2 +

k∑
j=1

di,jζj +

+2−1a1ζi + 2−1
k∑

j=1

di−k,jζk+j , k + 1 ≤ i ≤ 2k.

The coordinates of ∆(x) are
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∆(x)e1 = γ11ξ1,

∆(x)ei =

i∑
j=1

γi,jξj , 2 ≤ i ≤ n− 2k − 1,

∆(x)en−2k
=

n−2k∑
j=1

γn−2k,jξj +

k∑
j=1

γn−2k,n−2k+jζj ,

∆(x)fi = γn−2k+i,1ξ1 +

k∑
j=1

γn−2k+i,n−2k+jζj , 1 ≤ i ≤ k,

∆(x)fi = γn−2k+i,1ξ1 + γn−2k+i,2ξ2 +

2k∑
j=1

γn−2k+i,n−2k+jζj , k + 1 ≤ i ≤ 2k.

Comparing the coordinates of ∆(x) and D(x), we obtain

a1ξ1 = γ11ξ1

aiξ1 +
∑i−2

j=1 2
−j
1 ai−jξj+1 + a1ξi =

i∑
j=1

γi,jξj , 2 ≤ i ≤ n− 2k − 1,

an−2kξ1 +
∑n−2k−2

j=1 2−jan−2k−jξj+1+

+a1ξn−2k +
∑k

j=1 cn−2k,jζj =
n−2k∑
j=1

γn−2k,jξj +
k∑

j=1

γn−2k,n−2k+jζj ,

biξ1 +
∑k

j=1 di,jζj = γn−2k+i,1ξ1+

+
k∑

j=1

γn−2k+i,n−2k+jζj , 1 ≤ i ≤ k,

biξ1 + 2−1bi−kξ2 +
∑k

j=1 di,jζj+

+2−1a1ζi + 2−1 ∑k
j=1 di−k,jζk+j = γn−2k+i,1ξ1 + γn−2k+i,2ξ2+

+
2k∑
j=1

γn−2k+i,n−2k+jζj , k + 1 ≤ i ≤ 2k.

(2)

We show the solvability of this system of equations with respect to ai, bi, ci and di,j . For this purpose
we consider the following possible cases.

Case 1. Let ξ1 ̸= 0, then putting ci = di,j = 0, 1 ≤ i ≤ k, 1 ≤ j ≤ k from (2) we uniquely
determine a1, a2, . . . , an−2k, b1, b2, . . . , b2k.

Case 2. Let ξ1 = 0 and ξ2 ̸= 0, then putting a1 = ci = di,j = 0, 1 ≤ i ≤ k, 1 ≤ j ≤ k we uniquely
determine remaining unknowns a2, . . . , an−2k, b1, b2, . . . , bk.

Case 3. Let ξ1 = ξ2 = · · · = ξr−1 = 0 and ξr ̸= 0, 3 ≤ r ≤ n− 2k. Then putting

a1 = . . . = an−2k−m = b1 = . . . = c1 = . . . = dt,j = 0, 1 ≤ t ≤ k, 1 ≤ j ≤ k.

we determine unknowns an−2k−m+1, i ≤ m ≤ n− 2k.

Case 4. Let ξ1 = . . . = ξn−2k = ζ1 = . . . = ζr−1 = 0 and ζr ̸= 0, 1 ≤ r ≤ k. Then setting

a1 = . . . = b1 = . . . = 0, ci = 0, i ̸= r, dj,i = 0, j ̸= r,

we determine cr, dr,i, 1 ≤ i ≤ k.

Case 5. Let ξ1 = . . . = ξn−2k = ζ1 = . . . = ζk+r−1 = 0 and ζk+r ̸= 0, 1 ≤ r ≤ k. Then setting

a1 = . . . = b1 = . . . = c1 = . . . = 0, dj,i = 0, r ̸= k + r,

we obtain that the unknowns dk+r,i, k + 1 ≤ i ≤ 2k, are uniquely determined from (2).
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In the following theorems we obtain the descriptions of local 1
2 -derivation of the algebras µ2 and µ3.

Theorem 4.2. Let ∆ be a linear operator on µ2. Then ∆ is a local 1
2 -derivation, if and only if its matrix

has the form:

∆(e1) =

n−2k∑
i=1

γi,1ei +

2k∑
i=1

γn−2k+i,1fi,

∆(e2) =

n−2k∑
i=2

γi,2ei +

2k∑
i=k+1

γn−2k+i,2fi,

∆(ei) =

n−2k∑
i=j

γi,jei, 3 ≤ j ≤ n− 2k,

∆(f1) = γn−2k,n−2k+1en−2k +

2k∑
i=1

γn−2k+i,n−2k+1fi,

∆(fj) = γn−2k,n−2k+jen−2k +

2k∑
i=2

γn−2k+i,n−2k+jfi, 2 ≤ j ≤ k,

∆(fk+1) =

2k∑
i=k+1

γn−2k+i,n−k+1fi,

∆(fj) =

2k∑
i=k+2

γn−2k+i,n−2k+jfi, k + 2 ≤ j ≤ 2k.

Proof. The proof is similar to the proof of Theorem 4.1

Theorem 4.3. Let ∆ be a linear operator on µ3. Then ∆ is a local 1
2 -derivation if and only if its matrix

has the form:

∆(e1) =

n−2k∑
i=1

γi,1ei +

2k∑
i=1

γn−2k+i,1fi,

∆(e2) = γ2,2e2 +

n−2k−1∑
i=3

γi,1ei + γn−2k,2en−2k +

2k∑
i=k+1

γn−2k+i,2fi,

∆(ei) =

n−2k∑
i=j

γi,jei, 3 ≤ j ≤ n− 2k,

∆(fj) = γn−2k,n−2k+jen−2k +

2k∑
i=1

γn−2k+i,n−2k+jfi, 1 ≤ j ≤ k,

∆(fj) =

2k∑
i=k+1

γn−2k+i,n−2k+jfi, k + 1 ≤ j ≤ 2k.

Proof. The proof is similar to the proof of Theorem 4.1

Example 4.4. Let µ1 naturally graded non-Lie p-filiform Leibniz algebras, admits a local 1
2 -derivation

which is not a 1
2 -derivation.
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Proof. Let us consider the operator ∆, such that

∆

(
n−2k∑
i=1

xiei +

2k∑
i=1

yifi

)
= 3x1en−2k−1 +

1

2
x2en−2k.

By Proposition 3.1, it is not difficult to see that ∆ is not a 1
2 -derivation. We show that ∆ is a local

1
2 -derivation. Consider the 1

2 -derivations D1 and D2 of the algebra µ1 are given of the forms:

D1

(
n−2k∑
i=1

xiei +

2k∑
i=1

yifi

)
= x1en−2k−1 +

1

2
x2en−2k,

D2

(
n−2k∑
i=1

xiei +

2k∑
i=1

yifi

)
= x1en−2k.

We prove that for any x =
n−2k∑
i=1

xiei +
2k∑
i=1

yifi there exist a 1
2 -derivation D such that ∆(x) = D(x).

If x1 = 0, then

∆(x) =
1

2
x2en−2k = D1(x).

If x1 ̸= 0, then setting D = D1 + tD2, where t = −x2

x1
, we get

D(x) = 3D1(x) + tD2(x) = 3

(
x1en−2k−1 +

1

2
x2en−2k

)
+ tx1en−2k = 3x1en−2k−1+

+
3

2
x2en−2k − x2en−2k = 3x2en−2k−1 +

1

2
x2en−2k = ∆(x).

Hence, ∆ is a local 1
2 -derivation.

Remark 4.5. The dimensions of the space of local 1
2 -derivation of algebras µ1, µ2 and µ3 are

dimLocDer 1
2
(µ1) =

n2 + 10k2 − 4kn+ n+ 6k

2
,

dimLocDer 1
2
(µ2) =

n2 + 10k2 − 4kn+ n+ 2k + 4

2
,

dimLocDer 1
2
(µ3) =

n2 + 10k2 − 4kn− n+ 12k + 4

2
,

where k ∈ N and n ≥ 2k + 4.

Remarks 3.4 and 4.5 show that the dimensions of the spaces of all local 1
2 -derivation of the algebras

µi, i = 1, 2, 3, are strictly greater than the dimensions of the space of all 1
2 -derivation of µi. Therefore,

we have the following result.

Corollary 4.6. The algebras µ1, µ2 and µ3 admit local 1
2 -derivation which are not 1

2 -derivation.

Now we examine 2-local 1
2 -derivation of p-filiform Leibniz algebras.

Theorem 4.7. The algebras µ1, µ2 and µ3 admit 2-local 1
2 -derivations which are not 1

2 -derivations.
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Proof. We prove the theorem for the algebra µ1; for µ2 and µ3, the proof are similar. Consider a
homogeneous non-additive function on C2, such that

f(z1, z2) =

{
z2
1

z2
, if z2 ̸= 0,

0, if z2 = 0.

Consider the mapping ∇ : µ1 → µ1 defined by the rule

∇(x) = f(ξ1, ζ1)en−2k, x =

n−2k∑
i=1

ξiei +

2k∑
i=1

ζifi ∈ µ1.

Since f is non-additive, we obtain that ∇ is not a 1
2 -derivation.

Let us show that ∇ is a 2-local 1
2 -derivation. We consider arbitrary elements

x =

n−2k∑
i=1

ξ
(x)
i ei +

2k∑
i=1

ζ
(x)
i fi, y =

n−2k∑
i=1

ξ
(y)
i ei +

2k∑
i=1

ζ
(y)
i fi.

We search a derivation D of the form:

D =

(
D1,1 D1,2

0 0

)
,

where D1,1 = an−2ken−2k,1 and D1,2 = c1en−2k,n−2k+1,

such that that ∇(x) = D(x) and ∇(y) = D(y). From this equality we obtain the following system
of equations for an−2k and c1: ξ

(x)
1 an−2k + ζ

(x)
1 c1 = f

(
ξ
(x)
1 , ζ

(x)
1

)
,

ξ
(y)
1 an−2k + ζ

(y)
1 c1 = f

(
ξ
(y)
1 , ζ

(y)
1

)
.

(3)

Case 1. Let ξ
(x)
1 ζ

(y)
1 − ξ

(y)
1 ζ

(x)
1 = 0, then, the system (3) has infinitely many solutions, because of

the right-hand side is homogeneous.

Case 2. Let ξ
(x)
1 ζ

(y)
1 − ξ

(y)
1 ζ

(x)
1 ̸= 0. In this case, the system (3) has a unique solution.

Acknowledgment: I am very grateful to the referee for the careful study of our article and signifi-
cant comments.
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