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Abstract: For a left module g M over a non-commutative ring R, we define the concept of a strongly semicom-
mutative module as a generalization of the reduced module. This notion constitutes a distinct and
stronger category within the class of semicommutative modules. We demonstrate that a module r M
is strongly semicommutative if and only if 4, (r)An (M) is strongly semicommutative. Additionally, we
establish that rM is strongly semicommutative if and only if g, M[z] is strongly semicommutative;
this is also equivalent to g, ,-1]M [, 27'] being strongly semicommutative. Among our findings, we
prove that if g M is strongly semicommutative, then for any reduced submodule N of M, the quotient
module M/N is also strongly semicommutative. We provide examples of semicommutative modules
that are not strongly semicommutative and show that the class of strongly semicommutative modules
remains closed under localization.
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1. Introduction

In this article, R represents a ring with identity, and g M represents a unital left R-module. Recall
that for some n € N and a € R, if @™ = 0, then a is said to be a nilpotent element in R. The notation
Nil(R) denotes the set of all nilpotent elements in R. If Nil(R) = {0}, R is called a reduced ring. R
is called zero-insertive (semicommutative) if the condition uRv = 0 holds true whenever u,v € R satisfy
uv = 0. The study of semicommutative rings and their various generalizations was carried out by Kim
and Lee in [9], Gang in [6], Huh et al. in [8], Yang in [15], and Liu in [12]. In [5], Cohn introduced a new
concept called a reversible ring as a stronger condition within the class of semicommutative rings. R is
called reversible if uv = 0 implies vu = 0 for all u,v € R. Thus, we have the following implications:
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reduced (also, commutative) = reversible = semicommutative.

The polynomial extension of the semicommutative property has been of keen interest to many alge-
braists. In this regard, Hirano claimed that if R is semicommutative, then R[] is also semicommutative.
However, Example 2 in [8] disproved this possibility. Nielsen in [13]| constructed an example of a semi-
commutative ring, which is not McCoy. A ring R is said to be right McCoy(left McCoy) if for each
pair of non-zero polynomial p(z), g(x) € R[z] with p(x)g(z) = 0 then there exists a non-zero element
r € R with p(z)r = O(respectively rq(x) = 0). A ring is McCoy if it is both left and right McCoy. Mo-
tivated by these results, Gang and Ruijuan in [7] introduced the concept of a strongly semicommutative
ring as a new and independent category within the class of semicommutative rings. A ring R is called
strongly semicommutative if the condition p(z)R[z]g(z) = 0 holds true whenever p(z) = ., wz! and
q(z) = Y5_over® in R[z] satisfy p(z)g(z) = 0. Lee and Zhou in [11] extended the reduced property to
modules in extensions. A module p M is reduced if it satisfies one of the following equivalent conditions:

(1) If uw?v = 0 for some u € R and v € M, then uRv = 0.
(2) If wv =0 for some u € R and v € M, then uM N Rv = 0.

Similarly rM is called rigid if uv = 0 holds true whenever u?v = 0 for u € R and v € M. A module
rM is called Armendariz if wvy, = 0 whenever p(z) = > _,wa! € R[z] and m(z) = Y7 _, via® € M|z]
satisfy p(z).m(z) = 0. Lee and Zhou recorded many examples of Armendariz modules [12], as well
as Rege and Buhphang [4]. They also conducted a comparative study on Armendariz, reduced, and
semicommutative modules. A module g M is semicommutative if, for any u € R and v € M that satisfy
uv = 0, it follows that uRv = 0. R is semicommutative if and only if g R is a semicommutative module.
In [3], Buhphang et.al showed that rigid+ semicommutative implies the Armendariz property in modules.
However, semicommutative along does not imply Armendariz property. Sufficient examples of modules
that are Armendariz but not semicommutative are available in literature. Ansari and Singh in[1], Baser
and Agayev|2]|, and Zhang and Chen in [16] investigated the properties of semicommutative modules
and their relation with other classes of modules carried out in Zhang and Chen, in [16], studied the
polynomial extension of the semicommutative property and proved that if g M is Aremdariz as well as
semicommutative, then gy, M[z] semicommutative.

Many researchers have extensively studied the generalization of reduced rings, including Armendariz
and semi-commutative rings. However, the lack of definitions for various subclasses has hindered ad-
vancements in these areas from extending to modules. In this article, we introduce a new concept known
as strongly semicommutative modules, which represents a distinct category within the semicommutative
module class. This concept aims to generalize reduced modules within the context of polynomial mod-
ules. We examine various properties of this extension and conduct a comparative study between concepts
developed in rings and their counterparts in modules. Among our significant results, we demonstrate
that a module pM is strongly semicommutative if and only if 4, (r)An(M) is strongly semicommutative.
Additionally, we establish that pM is strongly semicommutative if and only if ;) M([z] is strongly semi-
commutative; this condition is also equivalent to g, ,-11M [z, 27| being strongly semicommutative. We
prove that if g M is strongly semicommutative, then for any reduced submodule N of M, the quotient

M
module — is also strongly semicommutative. Furthermore, we provide examples of semicommutative

modules that are not strongly semicommutative and demonstrate that the class of strongly semicommu-
tative modules remains closed under localization.

2. Strongly semicommutative modules

We begin with the following definition.

Definition 2.1. A module rM s called strongly semicommutative if the condition p(x)R[z]m(x) = 0
holds whenever p(z) = > wa' € R[z] and m(z) = > F_, vga® € M[z] satisfy p(x)m(z) = 0.
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Lemma 2.2. Let gM be a module with p(xz) € R[z] and m(z) € M[z]. Then p(x)R[z]m(z) = 0 if and
only if p(x)Rm(zx) = 0.

Proof. Assume p(z) = Y| ,wa' € R[z] and m(z) = Y 7_,vpz® € M[z] satisfy p(z)Rm(z) =
0. Then, for any c(z) = >, qwa' € Rlz], we have p(z)c(z)m(z) = p(x)(X]_owiz")m(z) =
Yoi_op(z)wym(z)xt = 0. Thus, p(x)R[z|m(x) = 0. The only if part is clear. O

Based on Definition 2.1, we conclude that the class of strongly semicommutative module is closed
under submodules and that every reduced module is strongly semicommutative. Moreover, we find that all
strongly semicommutative module is semicommutative. However, Example 2.3 given below, demonstrate
that the converse does not hold. Moreover, a ring R is strongly semicommutative if and only if the g R
is an strongly semicommutative module, and a module gM is strongly semicommutative if and only if
R[z)M [2] is semicommutative.

Example 2.3. (/7], Example 2.2) Consider a free algebra M = Zs < dy,dy,da,d3, €9, €1 > generated by
siz indertiminates over Zo. Let K be a submodule generated by the following associations:

doeo, doer + dyeg, drer + daeg,
doer + dseg, dzer, doer(0 < k < 3),dsdi(0 < k < 3),
dydy, —|—d2dk(0 <k< 3),€l€k(0 <Lk< 1)7eldk(0 <I<1,0<Ek<L 3)

Let A= M/K. Neilsen in [13], proved that A is semicommutative but not Mcoy. Further, M is not
strongly semicommutative module as consider p(z) = do + dix + dax? + dzx® and m(x) = eg + e1z. The
relations in K suggest that p(x)m(xz) = 0 in M|x], but however we can see that p(z)dom(z) # 0 since
didoer + dodyea §é K.

Next we noted down a sufficient condition for semicommutative module to implies strongly semi-
commutative.

Proposition 2.4. Let g M be an semicommutative module. If gM is Armendariz, then rM is strongly
semicommutative module.

Proof. Let us consider p(z)m(z) = 0, where p(z) = Y-, wz' € Rlz] and m(z) = > 1_, vpa® € M[z].
Since g M being Armendariz implies u;v,, = 0 for each [, k, and since g M being semicommutative implies
wrvg, = 0 for each [, k, it is easy to verify that p(x)Rm(z) = 0. Hence, by Lemma 2.2, M is a strongly
semicommutative module. O

Proposition 2.5. The class of strongly semicommutative modules is closed under direct sums, and direct
products.

Recall that if g M is a submodule of a direct product of copies of R, then rM is considered to
be torsionless. Furthermore, R is a submodule of a direct product of copies of a faithful module pM.
Therefore, Corollary 2.6 and Proposition 2.7 directly follow from Proposition 2.5.

Corollary 2.6. The following conditions are equivalent for a module g M .

(1) The ring R is strongly semicommutative.

(2) Every submodule of a free module over R is strongly semicommutative.

(8) Every torsionless module over R is strongly semicommutative.

(4) There exists a module gN that is faithful and therefore strongly semicommutative.

Proposition 2.7. A module g M is strongly semicommutative module if and only if every finitely gener-
ated(cyclic) submodules of M is strongly semicommutative.
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For a ring R, we denote T, (R) as the ring of n x n upper triangular matrices over R. For a left
R-module gM and K = (a;;) € M,(R), let KM = {(a;;m) : m € M}. For elementary matrices
Eij, let V.= >" (E;i41 for n > 2. We consider V,,(R) = RI, + RV + RV?2 4 ... + RV™ ! and
Vo(M)=1,M +VM+V?M +---+ V" 1 M. Thus,

Uy U2 ... Up—1 Unp,
0 wp us ... Up_q

VoR)=< [0 0w o unaf .y cR 1<i<n
0o 0 0 ... Uq

Then, V,,(R) forms a ring, and V,,(M) forms a left module over V,,(R). There exists a ring isomorphism
¢:Vo(R) — fi[f% defined as ¢(rol, + 71V +1roV2 4+ 41y V) =rg+ra+- 2"t + (27),
: : . M{z]

and an abelian group isomorphism 0 : V,,(M) - —————

(Mlz](z"))
My V') =mo+miz+- - +myu_12" 1+ M[z](2™), such that (AW) = ¢(A)O(W) for all A € V,,(R)
and W € V,,(M). In [9], Kim and Lee proved that if R is reduced, then T3(R) is a semicommutative ring,
whereas T),(R) is not necessarily semicommutative for n > 4(see Example 1.3 in [9]). Extending these
results for module, Zhang and Chen in [16] proved that if g M is reduced, then V,,(M) is semicommutative

over V,,(R) for every n € N.

defined as O(mol, +miV +moV? + - +

By looking into the results related to examples for semicommutative rings and modules, it will
interesting to look for some larger submodule of T,, (M) which satisfy the conditions for semicommutative
module. Nextly we have generated some extension for the results obtained in [16]. We recall the following

notations from [10].
Let k € N, and for n = 2k > 2, consider

An(M) = Zf:1 Z;L:kJri EigM,

and forn =2k+12>3
k41

An(M) = Zi:l Zj:kJri EigM.
Let
Apy(M)=I,M +VM + -+ V1 4 A° (M) forn = 2k > 2
and

Ap(M) =I,M + VM 4 -+ VF=1 4 A% (M) forn = 2k +1 > 3.

For example,

V1 V2 UV W

0 v1 vo 2
Ay(M) = TU, v, U, W, 2 € M
4( ) 0 0 V1 Uy 1,V2,0,W,

0 0 0 v

a; aa a b ¢
0 a1 ao d e

As(M) = 0 0 a; as f | :a1,a2,a,b,c,d,e,feM
0 0 O aip a9
00 0 0 a

For A = (a;j), B = (bi;), we write [A.B];; = 0 to mean that a;b;; =0 for [ =0,...,n.
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Theorem 2.8. Let gM be a reduced module. For n =2k + 1 > 3, the module A, (M) is a semicommu-
tative over A, (R)

Proof. Let a = [a;;] € An(R) and m = [m;;| € A, (M) satisfy am = 0. Firstly, notice that a = [a,;]
and m = [m;;] have following properties:

a; = ai1] = ag2 = ... = 0npnp my = mi1p =MmM22 = ... = Mnpn

ag 1= Qa12 =023 = ... =0p—1,n mo = M12 =M23 = ... = Mp—_1,n

A = A1k = A2 k+1 = ... = n—k+1,n Mg 2= Mg = M2 kt1 = - = Mn—k+1,n
Q5 ‘= 0’ Z>,7 m; j = 0, > ]

Now, am = 0 implies

> aim;=0fort=2,3,... k+1. (1)
itj=t

Since rM is a reduced module, from equation (1) we have that a;m; = 0 implies a Rm; = 0. By
multiplying a; from the left to a;ms + asmy (for t = 3), we obtain a2msy = 0, which implies a; Rmso = 0.
Consequently, this leads to asRmq = 0. Similarly, by continuing this process for ¢t = 4,5,..., k + 1, we
arrive at

aszJZOVZ—FjSk—‘rl (2)
Again from am = 0, we have

1M g1 + G2my + asmp—1 + - + apmo + aq gr1my = 0,
a1ma py2 + aGemy + azmy_1 + -+ + apms + ag gramy =0,

A1 ME41,2k+1 + QoM + - -+ + ag—1m3 + apma + ag41,26+1m1 = 0.

By applying the same process of left multiplications and using the earlier results obtained in equation 2,
we conclude that foru=1,2,...,k+1,

alRmu,k_,_u = au,k+uRm1 =0 (3)
and with i + 7 = k + 2 for 4, 7,
Now, for some 1 <[ < k, assume the condition [a.m]y gx4y+t = 0 holds true for ¢t = 0,1,...,1 —1

and u = 1,...,k —t+ 1. Thus, it is sufficient to show that for each v = 1,...,k — ¢t + 1, the equation
[@.m]y k+u+1 = 0 holds true. For these, consider a.m = 0. This implies

Z?Zl Oy, jMjhtutl =0 foru=1,... k-1+1.
Thus,

A1 My ktutl T 00 F Q1M | ktut+l T Qp2ME + - + QM2 + Gy gt Mi+1
+o 4+ Oy k+u+1—1T12 + Aoy eu41101 = 0. (5)

Again, by induction hypothesis and using results obtained in equations 2-4, we obtain the following:
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(1) (a) arRmy ktutt = Gy kyuttRma =0, foru=1,2,... )k —t+1;t=0,1,...,1— 1.
(b) aaRMyi1 ktutt = Gy ktutt—1Rme =0, foru=1,2,... )k —t+1;t=1,...,1—1.

(€) a1 RMutt kpust = QupruRmypr =0, foru=1,2,... k—t+1;t=101-1.

(ii) a;Rm; =0, fori+j=u+k,4,j >vand 1 <u <I[+1.

Thus, statements (i) and (ii), along with the left multiplication process, imply that each left-side

component of equation (5) equal to zero. Consequently, we have [a.m], kyut+e =0foru=1,... . k—1+1.
By applying mathematical induction, it follows that [a.m] = 0 for all pairs (4,j). Therefore, for any
r € Ay(R), we find that arm = 0. This implies that 4, (r)An(M) is semicommutative. O

Corollary 2.9. Let R be a Reduced ring. For n =2k + 1> 3, the A, (R) is a semicommutative.
Corollary 2.10. (Proposition 1.2, Kim) Let R be a reduced ring, then
T T2 T3

S = 0 ry ma | :m,7r2,m3,74 €R
0 0 1

15 a semicommutative.

Theorem 2.11. Let gM be a Reduced module. For n = 2k > 4, the module A,(M) + Ey M is
semicommutative over A,(R) + E1 i R.

Proof. The proof of this theorem is almost similar to that of Theorem 2.8. However, for further
illustration, we demonstrate it as follows: Let a = [a;;] € A, (R) and m = [m;;] € A, (M) satisfy am = 0.
Firstly, notice that a = [a;;] and m = [m,;] have following properties:

a] ;= a11 = a22 = ... = Apn mi1 =M1 = M22 = ... = Mpn
a2 ‘= Q12 = A23 = ... = Qp—-1n Mg (= M12 =M23 = ... =Mp-1n
ap ‘= A1k = A2k4+1 = - .. = Qk41,n mg =Mk = M2k4+1 = ... = Mk41,n
ag = a1,k mo = Mmik

a;;:=0,1>] mi; =0, 1>]

Now, we have

Zaimjzofort:2,3,...,k: (6)
i+j=t
and
aymo 4+ aomi_1+ -+ ai_1mo+aym =0VIi=1,2,... k. (7)

By applying similar left multiplication to Equations 6 and 7, we obtain
a;Rm; =0Vi+j<k+1 (8)
and

aole = alRmo =0. (9)
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Again, from am = 0, we have

a1mi g1 + Gemy + agmyg_1 + -+ - + agmso + ay g+1my = 0,

a1ma gy2 + Gamy + agmy_1 + -+ - + apmso + ag gyomy = 0,

armp o) + aamy + - -+ + ag—1ms + armea + ag2pmy = 0.

By applying the same process of left multiplications and using the earlier results obtained in Equations
6-9, we conclude that for u=1,2,... ., k+ 1,

a1 Rmy gt = Gy kruBRma =0, (10)
and with ¢ + j = k+ 2 for 4, j
a;Rm; =0, (11)
and
agRmg = aaRmy = 0. (12)
Now, for some 1 <[ < k, assume that the condition [a.m]y g+u+¢ = 0 holds true for t = 0,1,...,] and
u=1,...,k—t. Thus, it is sufficient to show that for each u = 1,...,k—1, the equation [a.m]y g+uti =0

holds true. For these, consider a.m = 0. This implies

A1 Moy ety T 00+ G 1Myt ktutl T Qp2ME + -0 + QM2 + Gy g+uMi+1+ (13)
Lt Gy, k4u+1—1112 + Qo kw41 + -+ Qo k+u+1—1712 + Qo k4u+1T01 = 0.
and
1M i+l T 00+ Q10141 k+1 + My429k + - - + Qpg—1M43 + QoMo + a1 k+1Mi+1+ (14)
oot ag grame +aq gri+ama = 0.

Again, by induction hypothesis and using results obtained in Equations 7-12, we obtain the following:
(1) (a) arRMmy ktutt = Gy ktuttRma =0, foru=1,2,...k—¢;t=0,1,...,1 — 1.

(b) aszu+1’k+u+t = G/u,k+u+t71Rm2 = O7 for u = 1, 27 ey k—t+ 17 t= 1, ce ,l — 1.

(€) arr1RMutt krutt = Qupyulmigr =0, foru=1,2,...  k—tt =1—-1.
(i) a;Rmj =0fori+j=u+k,i,j>uforu=12,...,1+1.
(iii) apmy =0 foru=1,2,..., 1+ 1.

Thus, from (i), (ii), (iii) and the left multiplication process, we find that each component of Equations

13 and 14 equal to zero. Hence, [a.m]y kyutt = 0 for w = 1,...,k — . Hence, mathematical induction
gives [a.m] = 0 for all (i,j). Therefore, for any r € A, (R), we find that arm = 0. This implies that
A, (R)An (M) semicommutative. O

Let g M be a reduced module. Consider the following module

v V12 Vi3 ... Min
0 v V23 ... Uan
M, =S |0 0 v s [y e M

00 0 0 w
Based on Theorems 2.8 and 2.11, one might suspect that M, is a semicommutative module over R,, for
n > 3. However, the example provided below will dispel this possibility.
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Example 2.12. Consider a module gR. Then we define

U U2 U3 Ui4
_ 0 u wp3 wgg| . Ny
R, = 0 0 u us ‘U, Uy € R
0 0 0 wu
Now, we observe that.
01 -10 0000
00 0 0 0001_O
00 0 O 0001 ™
00 0 O 0000
but
01-10 0000 0000 0001
00 0 O 0010 0001_00007é0
00 0 O 000O0 0001 {0o0O0O ’
00 0 O 0000 0000 0000

Proposition 2.13. Let g M be a reduced module. The following statements hold:

(1) For n =2k + 1> 3, the module A, (M) is strongly semicommutative over A, (R).
(2) For n =2k > 4, the module Ap,(M) + Ey1 M is strongly semicommutative over A, (R) + E1 i R.

Proof. The proof is analogous to that of Theorem 2.8 and Theorem 2.11.

Corollary 2.14. Consider the following statements for a module rp M :

(1) rM is reduced.
(2) An(M) is a strongly semicommutative over A,(R) forn=2k+1> 3.
(3) An(M) + Eq (M) is a strongly semicommutative over A,(R)+ E1 ,(R)

forn =2k > 4.
(4) An (M) is a semicommutative over An(R) forn =2k+1> 3.
(5) An (M) + Ey (M) is a semicommutative over A, (R) + E1 ,(R) for n =2k > 4.

(6) V,,(M) is a strongly semicommutative over Vy, (M) for n > 2.

M R
(7) i s a strongly semicommutative over ( [x;
l.n

(zm) Mz]
(8) V(M) is a semicommutative over Vi, (R) for n > 2.

M
(9) _Mla] is semicommutative over Rlz] forn > 2.

(zm) M 2] (z)

forn > 2.

Then the following implications are true:

(¢) (1) = (2) = (4)-

O
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(b) (1) = (3) = (5).

(c) (1) = (2) + (8) = (6) = (1) = (8) & (9).
Proof.
(a) Follows from Theorem 2.8.
(b) Follows from Theorem 2.11 and Proposition 2.13.

(c) Follows from (a) , (b) of Corollary 2.14 and [16]. O

Recall that an element v in the module g M is considered torsion if there exists a non-zero element
u in R such that uv = 0. We denote the set of all torsion elements in pM as Tor(M). If R is a
commutative domain, then Tor(M) forms a submodule, and the quotient M/Tor(M) is torsion-free.
However, this is not the case if R contains a non-zero zero divisor. This can be illustrated using the
example of M = R = Zy X Zs. In this case, we have Tor(Zs x Z3) = {(0,0),(1,0), (0,1)}, which is not
a submodule. Lastly, we have identified certain conditions for the strongly semicommutative property in
the context of the torsion class.

Proposition 2.15. Let g M be a weakly semicommutative module over a domain R. If Tor(M) is strongly
semicommutative, then R M is also a strongly semicommutative module.

Proof. Since pM is weakly semicommutative, according to Proposition 3.6 in [1], we can conclude that
Tor(M) is a submodule of gM. Now, let m(z) = Y 7_, viz® € M[z] and p(z) = Y-, wa' € R[z] such
that p(z)m(xz) = 0. We can expand this product, resulting in the following system of equations:

UoVy = 0,

u1vg + ugvy = 0,

U2V + uivy + UgU2 = O,

Upvg = 0.

Assuming that uy # 0, we conclude from the first equation that vg € Tor(M). Next, by multiplying the
second equation by ug, we obtain u3v; = 0. Since R is a domain, this implies v; € Tor(M). Similarly, by
multiplying the equation by u3, we find ugvy = 0, which leads to vy € Tor(M). Continuing this process
for a finite number of steps, we conclude that m(z) € Tor(M)[z]. Thus, the assumption that Tor(M) is
a strongly semicommutative module implies that p M is also a strongly semicommutative module.

O

Corollary 2.16. Let gM be a semicommutative module over a domain R. If Tor(M) is strongly semi-
commutative, then gM 1is also a strongly semicommutative module.

Corollary 2.17. Let R be a commutative domain. The following conditions for a module RM are
equivalent:

(1) rRM is strongly semicommutative.
(2) Tor(M) is strongly semicommutative.

Proposition 2.18. Let R be a domain. If gM is strongly semicommutative module, then the quotient
module M /Tor(M) is strongly semicommutative over R.
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Proof. Let p(z) =Y " jwaz' € R[z] and m(z) = Y{_Ora® € M/Tor(M)[z] satisfy p(z)m(z) =0 in
M/Tor(M)[z]. Then, we have >, ,wvr =0fort =0,1,...,n+k. Thus, >, ., a;m; € Tor(M)
for t = 0,1,...,n + q. Hence, there exists r; € R for 0 < ¢t < n + k such that r; ZHk:t wv = 0.

Let us take h = ?:Ok r¢, and since rpM is strongly semicommutative, we get th+k:t wv = 0 for

0 <t <n+q. Define g(z) = hr(z). Clearly, g(z) € R[z], and since gM is a semicommutative module,
we have g(x)m(z) = 0. This implies g(x)R[x]m(x) = 0. Since R is a domain, it implies r(x) R[x]m(x) = 0.
Hence, M/Tor(M) is a strongly semicommutative module. O

M
Proposition 2.19. Let N C rM be a reduced submodule. If N is strongly semicommutative over R,

then rM 1s strongly semicommutative.

Proof. Since N is a reduced submodule, it follows that N[z| is reduced as well, according to [14].

Mz M
Furthermore, since N[[ ]] >~ ﬁ[x] is semicommutative, we conclude that g M is strongly semicommuta-
x
tive. O

Recall that for a multiplicative closed subset S of the center C' of the ring R, the set S™!M has a
left module structure over S~'R. In the next proposition, we study localization.

Proposition 2.20. For a module gM, the following conditions are equivalent.

(1) rM is strongly semicommutative.

(2) S~YM is strongly semicommutative S~ R-module for each multiplicatively closed subset S of C.

Proof. (1)=(2)Suppose the condition p(z).m(z) = 0 holds for some p(z) = ", &' € ST'R[z] and
m(z) = Z?:o n;z? € ST M[x]. Here & = s;'a' € ST'R and n; = t;lmj € S™1M. Thus we have

£oMo =0
Som +&mno =0,

EmNn = 0.

—

Choose s = (5081 ...5m) and t = (tot1...t,) in S and consider p(z) = s.p(z) € R[z], n?i;) = tm(x) €
M]z]. Clearly p(x).m(x) = 0. By choosing h(z) = ZZ:O yra® in STR[x] where v; = u; 'z* € STIR.

then h(z) = w.h(z) € Rlx], where u = (uguy...ux). Since gM is strongly semicommutative module

implies p(a)‘)h(.’L‘)T;(;) = 0. Hence we see that p(z)h(z)m(z) = 0 since all s;, t;, ug are central. Thus
S—1M is strongly semicommutative module over ST1R. (2)=-(1) is obvious. O

Lee and Zhou, in [11], studied the polynomial extension of the Armendariz and reduced properties
for a module rM. Recall from [11], that rM being Armendariz (reduced) implies gy M|[z] is also
Armendariz (reduced) and vice-versa. However, Example 2.3 in this article demonstrates that the same
is not true for the semicommutative property. Thus, it is of interest to consider the polynomial extension
of the SSC property. The next proposition will validate this consideration. For a module p M, recall that
under usual addition and scalar multiplication, the Laurent polynomial extension

Mz, z7 Y = {3 mz’: >0, t>0, m; € M} is a module over R[z,z~'].

Proposition 2.21. The following conditions are equivalent for a module pM :

(1) The module R M is strongly semicommutative.
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(2) The module gy M [x] is strongly semicommutative.

(8) The module gjy Mz, x71] is strongly semicommutative.

] are

<

Proof. (1) = (2): consider f(y) = > i, a;(z)y" € Rlz][y] and m(y) = Z;zo m;(x)y! € M[z][
such that f(y)m(y) = 0 and h(y) = 3=, _ buw(2)y" € Rlz][y]. Here a;(x) = aijo +anz + -+ am,@
mj(x) = mjo +mjx +- -+ myy, 2l and by, (2) = buwo + b1 + - -+ + by, @™ . Then from f(y)m(y

we have

=

i and
p— 07

~—

ag(z)mo(x)
ap(x)my(x) + a1 (x)mo(z)

ag()mz () + ar(x)my(z) + az(z)mo(x)

)

0
0,
0

)

an(z)me(z) =0.
Let ¢ € N be such that ¢ > d(ag(z)) + d(ai(z)) + -+ + d(an(x)) + d(bo(x)) + d(b1(z)) + -+ +
d(be(x)) + d(mo(z)) + d(mi(x)) + - -+ + d(my(x)), where d(a;(z)) and d(m;(x)) represent the degree
of the polynomial. Then consider f(z) = ag(z*) + a1 (z*)z*T! + ag(z*)x?9F2 + - + a, (2%)2z"5T™,
h(x) = bo(x®) + by (%)%t + bo(2°)x?592 4 .. + b, (2°)2°°9T¢ and m(x) = mo(x®) + mq (2%)2%7+! +
ma(z%)229%2 4 -« 4 my(2%) 2?9+, Then we have

—

; 2

f(x) =aoo + aprz® + agex™ + - - - + agg, 2’
+a10mq5+1 + allxqs+q+1 + a12xqs+2q+1 N a0k1x8q+qk1+1
+ PP

ATt 4 @ @I g, g T2 gy gnsTakn

ko

@) =boo + bo12° + boax®® + - -+ + bz
+b101‘qs+1 + bllxqs+q+1 + b12$q8+2q+1 N bOrl xsq+qr1+1
N

+anxqs+e + belxeqs-l-q-i-e + b82xeqs+2q+e L bOrexesq+qTe+e

and
m(x) =mgo + mo12® + mo2z™* + -+ - + aOlOCES 0
1 1 2q+1 l 1
—|—m10xq5+ + mnxqﬁﬁ + m12$qs+ at R mOlll‘Squq it
4.

+mt0xqs+t + mtlxtq8+q+t

tgs+2q+t + tsq+qli+t

+ myox s+ mo T

—

Using the above equations, we can see that f(x)m(z) = 0in g, M|x]. Since M is a strongly semicommu-

tative module, it implies f(x)h(z)m(z) = 0. Thus we can conclude that f(y)h(y)m(y) = f(x)h(z)m(z) =
0. Hence, gj,)M[z] is a strongly semicommutative module. (2)=-(3) The proof of this follows from Propo-
sition 2.20 given above. (3)=-(1) The proof is straightforward, as being a submodule, g M is a strongly
semicommutative module. O

3. Concluding remarks

In this section, we present some conclusions and questions that arose from the study:

39
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(1) Consider the following conditions for a module pM:

(a) rM is a reduced module.

(b) rM is an Armendariz module.

)
()
)
)

rM is a strongly semicommutative module.

rM is a semicommutative module.

(d
(e) rRM is abelian.

For the general setting, we have the following implications:

(i) (a) = (b) = (e),
(ii) (a) = (¢) = (d) = (e),
(iii) (a) = (b) + (d) = (c) = (e).

The converses of (i), (ii), and (iii) are not valid in general, with sufficient counterexamples avail-
able in the literature. However, if g M is Principally Projective(a module g M called Principally
Projective if the right annihilator of every element m € M in R is generated by an idempotent
ie., rr(m) = eR for all m € rM), then (e) = (a), (b), (c), (d) (by [11]). By Theorem 2.11,
Proposition 2.13, and Example 2.8, we can conclude that there are ample examples of modules
that are semicommutative but not strongly semicommutative, indicating that the class of strongly
semicommutative modules is distinct.

(2) For a polynomial module g, M [z], consider the following extensions:

M[z]] := {>pe o vka® 1 v, € M},
Mz, 2= = {3 e, vpa® 1 t > 0,0, € M},

These are known as the power series and Laurent series extensions of rp M, respectively. It is routine
to verify that gy, M|[[z]] and gy ,-17M[[x,27']] are modules under the usual addition and scalar
multiplication. From our study, the following implications are evident: M is strongly semicom-
mutative < g,y M|[z] is strongly semicommutative < g, -1 M|, 27 1]. Given this background, it
is natural to consider the following questions:

(a) If gM is a strongly semicommutative, does this imply that g, M|[[2]] is also a strongly
semicommutative?

(b) If R[w)a:—l]M[x,l'il] is a strongly semicommutative, does this imply that g, .17 M|z, 71
is also strongly semicommutative?
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