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1. Introduction

By domino tiles we mean 1×2 rectangles or shapes formed by the union of two unit-squares meeting
edge-to-edge. Let M =M(n× k) be a rectangular n× k chessboard with integer side lengths n (height)
and k (width). A domino tiling of M is a tessellation of M with domino tiles, in which the tiles can be
laid either horizontally or vertically without gaps or overlaps. If n and k are both odd, then no domino
tiling of M(n×k) exists, so we hereafter assume for certainty that k is even. This paper is mainly devoted
to the following problem.

Domino Tiling Counting Problem (Dimer Problem, Gaps Not Allowed). Count the total
number, τ(n, k), of domino tilings of M =M(n× k) without gaps.
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The domino tiling counting problem is equivalent to the problem of counting the number of perfect
matchings in a plane n × k grid graph, since each domino tiling of M(n × k) corresponds to a perfect
matching in the grid graph. The latter problem arises in applied problems of physics and chemistry: Some
classes of chemical compounds are easily synthesized only when the graphs of the compounds (modeling
the molecules of the compounds) have a perfect matching; moreover, the more perfect matchings in the
graph, the more stable the compound [7]. We refer the interested readers to the references [1–6, 8–14]
dealing with more aspects of the domino tiling counting problem.

The domino tiling counting problem is also known as the dimer problem [11] and is known to be
difficult (see [10] for details). This problem was solved by Kasteleyn [5] and by Temperley and Fisher
[13] in the form of the following cosine formula for the number τ(n, k):

τ(n, k) = 2
nk
2

n∏
i=1

k∏
j=1

(
cos2

πi

n+ 1
+ cos2

πj

k + 1

) 1
4

.

However, floating-point operations make it difficult to calculate τ(n, k) accurately, using this cosine
formula. For example, for the chessboard M(16× 8), the result of calculations using the cosine formula,
performed by a C# program using double-precision floating-point real variables, is 540061286536919,
while the true value of M(16× 8) is 540061286536921 (see [8]). This simple example shows unsuitability
of the cosine formula for exact calculations, and this motivated us to design an algorithm which uses only
integers.

The main purpose of the current paper is to propose an algorithmic solution which uses an enhanced
all-integer recursive algorithm (Algorithm 2, Section 6) for counting the number τ(n, k), using only inte-
gers instead of a calculation involving real numbers. The key for the enhancement is our subroutine called
Generating a complete list of weakly consistent profiles (Algorithm 1, Section 5). Our enhanced algorithm
is more computationally efficient than known algorithmic solutions to the problem; see Section 7.

Our recursive method is based on a folklore dating back to Ahrens [1]. Our method has some
resemblance with Ahrens’ method, yet differs from it by our further developed profile technique (Section 3)
and by better computational efficiency (Section 7).

2. Motivating problem: Ahrens’ result [1]

The following is a problem which has motivated the current study. Unlike the domino tiling counting
problem stated in Introduction, the following problem allows gaps between the tiles. Gaps between the
tiles are allowed in this section only!

Strip Dimer Problem (Gaps Allowed). Assume that the chessboard is a 1 × k strip of squares
(k even). In how many ways can the strip be tiled, but with the modification that not all squares of the
strip are necessarily covered with dominoes?

Given a bit string, a maximal substring entirely consisting of 0s, resp. 1s, is called a 0-series, resp.
1-series. An even, resp. odd, (0- or 1-) series is a series of even, resp. odd, length. A bit string is 0-valid
if it contains no odd 0-series and is 1-valid if it contains no odd 1-series.

Figure 1. Domino tiling (a) and its binary code (b).

To solve the strip dimer problem, we encode domino tilings of a 1× k strip of squares (k even) with
k-bit strings (that is, bit strings of length k): If a square of the strip is covered with a domino tile, we
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label it with a 1, otherwise with a 0. Then domino tilings of the 1 × k strip correspond to 1-valid k-bit
strings. Now the strip dimer problem can be rephrased as follows: How many 1-valid k-bit strings are
there?

An example of a domino tiling is shown in Figure 1(a), where k = 8. The squares of the strip are
numbered from left to right, starting from 0. While squares 2, 3, 4, 5 are covered with dominoes, squares
0, 1, 6, 7 are left uncovered.

The following is the recurrence relation for Fibonacci numbers:

F (0) = 0, F (1) = 1, F (m) = F (m− 1) + F (m− 2) (m ⩾ 2). (1)

The Fibonacci numbers have a closed-form expression known as Binet’s formula:

F (m) =
φm− ψm

√
5

, (2)

where φ = 1+
√
5

2 and ψ = 1−
√
5

2 . Various connections of Fibonacci numbers with domino tilings have
been traced out by a number of authors; see [1–3, 11, 12]; for example, recall the elementary school
problem of counting domino tilings of an n× 2 board without gaps [12, p. 75]. The following is another
folklore result, which is proved in Section 4 and is used in Section 5.

Lemma 2.1. The total number of 1-valid k-bit strings, which is clearly equal to the total number of
0-valid k-bit strings, is equal to the Fibonacci number F (k + 1).

Corollary 2.2 (Ahrens [1]). The number of ways to cover a 1 × k strip of squares with domino tiles,
possibly with gaps between the tiles, is equal to the Fibonacci number F (k + 1).

Proof. The corollary is indeed a consequence of Lemma 2.1 due to the fact that any covering of a
1 × k strip of squares with domino tiles (possibly with gaps) corresponds to a 1-valid k-bit string, and
converse.

3. Recursive method: Profile technique

From now on, we assume that no gaps are allowed between the tiles! In this section we describe a
recursive method for solving the domino tiling counting problem stated in the Introduction.

We number the columns of the chessboard M = M(n× k) from left to right—0, 1, . . . , k − 1—and
the rows from bottom to top—1, . . . , n. Denote by (i, j) the square that is in row i and column j. Denote
by (i, j)−(i, j + 1), resp. (i, j)−(i+ 1, j), the horizontal, resp. vertical, domino tile (if any) that covers
the square (i, j) and directs rightward, resp. upward.

Given a domino tiling of M , we label the tiles with numerals 1, 2, . . . , kn
2 (k even) so that the tiles

closer to the base of M are labeled with smaller numerals. We follow the chronological tiling rule, that
is, each tile is laid at (discrete) time instant equal to the numeral label of the tile. At each time instant,
the current state of row i (i = 1, . . . , n) is described by a k-bit string in which the bit in position j is 1
if square (i, j) is covered with a tile and is 0 otherwise (j = 0, 1, . . . , k − 1).

Let ti be the smallest time instant at which all the squares of row i− 1 get covered with tiles. The
whole process of tiling row i splits into two successive processes as follows:

1) pre-active tiling of the row i is underway during the period (ti−1, ti],

2) active tiling of the row i is underway during the period (ti, ti+1] and consists of successively laying
either a horizontal tile (i, j)−(i, j + 1) or a vertical tile (i, j)−(i+ 1, j).

The chronological tiling rule ensures that the process of active tiling a row begins as soon as all the
squares of the preceding (lower) row are already covered with tiles.
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Figure 2. No i-profile has been produced yet at the time instant shown in panel (a)
because an uncovered square remains in row i − 1; panel (b) shows pr(i) = 1 1 0 0 0 0; panel
(c) shows pr(i+ 1) = 0 0 1 0 0 1.

During a chronological tiling process, the bit string formed in row i at time ti is called an i-profile and
is denoted by pr(i) where i = 0, 1, . . . , n+1. Observe that the whole chessboard has to be tiled up at time
tn+1 and therefore the following are the initial and final profiles: pr(0) = pr(n + 1) = 0 . . . 0 (k zeros).
Since the i-profile is tied to specific time ti, any changes in row i do not alter pr(i) after time ti. Figure
2 presents an example of changing from pr(i) in Figure 2(b) to pr(i + 1) in Figure 2(c) by laying two
vertical and one horizontal tiles. Notice that the bitwise boolean product of any two consecutive profiles
is 0 . . . 0 (k zeros); for example, pr(i) · pr(i + 1) = 1 1 0 0 0 0 · 0 0 1 0 0 1 = 0 0 0 0 0 0 (where 1 · 1 = 1,
1 · 0 = 0, 0 · 1 = 0, and 0 · 0 = 0). In general, we say that a profile q is strongly consistent with a profile p,
and write q ∼s p, provided there exists a specific chronological process of tiling M so that p = pr(i) and
q = pr(i+ 1) for some i ∈ {0, . . . , n}.

Figure 3. (a) M̃(i,pr(i)), (b) M̃(i+ 1,pr(i+ 1)).

Consider the process of chronological tiling the chessboard M in general. At time ti, the profile
pr(i) has just been formed. Let M̃(i,pr(i)) be a board that is the part of M that only contains the
squares covered by the time ti; these notion and notation are illustrated by Figures 3(a) and 3(b) which
correspond to Figures 2(b) and 2(c), respectively. Note that M̃(i,pr(i)) is regarded as just a part of
the bord M but not as any specific tiling of it. For example, M̃(i, pr(i)) = M̃(i, 1 1 0 0 0 0), or M̃(i, 48)
in decimal notation, is the part of the board M under the bold rectilinear path, shown in Figure 3(a).
Furthermore, M̃(i+ 1, pr(i+ 1)) = M̃(i+ 1, 0 0 1 0 0 1) = M̃(i+ 1, 9) is the part of M under the bold
rectilinear path, shown in Figure 3(b). A domino tiling of M̃(i, pr(i)) is a tessellation of this board with
domino tiles, in which the tiles can be laid either horizontally or vertically without gaps or overlaps.

The essence of our approach is to traverse through the chessboard M from bottom to top, chrono-
logically expanding the tiled area by laying tiles one by one without missing any tiling option. Note
that each domino tiling of M̃(i, pr(i)) is uniquely expanded (by additionally laying out necessary tiles)
to a tiling of M̃(i+ 1, q) for any (i + 1)-profile q strongly consistent with pr(i). For a given profile q,
we need to identify profiles {p} such that q ∼s p. Then the number of all domino tilings of M̃(i+ 1, q)

is calculated by summing the numbers of tilings of M̃(i, p) over all profiles p such that q ∼s p. Letting
τ̃(i, p) be the total number of domino tilings of M̃(i, p), we summarize the discussion in the following
recurrence formula which is to be applied repeatedly for i = 0, . . . , n:

τ̃(i+ 1, q) =
∑

p | q∼s p

τ̃(i, p), (3)

where τ̃(0, p) = 1 if p = 0, and τ̃(0, p) = 0 otherwise. The desired value of τ(n, k) is found as τ̃(n+ 1, 0).
To complete the description of the recursive method, we need a criterion for checking profile consistency.
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The boolean operator ⊕ is defined by 1⊕ 1 = 0, 1⊕ 0 = 1, 0⊕ 1 = 1, 0⊕ 0 = 0. Denote by pj and qj the
bits in position j of k-bit strings p and q, respectively, j ∈ {0, . . . , k − 1}.

Theorem 3.1 (Criterion for Strong Consistency of Profiles). Let p be a k-bit string that appears as a
profile p = pr(i) in some chronological tiling of M , where 0 ⩽ i ⩽ n. A k-bit string q has the property
that q ∼s p if and only if the following two conditions are satisfied:

(a) p · q = 0 . . . 0 (k zeros), (b) p⊕ q is a 0-valid bit string.

Proof. Necessity. Notice that qj = 1 is possible only as a result of laying a vertical tile (i, j)−(i+1, j),
which is possible only in case pj = 0. Also notice that if pj = 1, then qj = 0. Thus, the following two
implications are valid: (qj = 1 ⇒ pj = 0) and (pj = 1 ⇒ qj = 0), whence condition (a) is satisfied. Now,
since (a) holds, (p⊕ q)j = 0 is equivalent to the simultaneous equations pj = 0 and qj = 0. The equation
pj = 0 means that square (i, j) was not tiled during the pre-active period of tiling of row i so that (i, j)
was covered with a tile during the process of active tiling row i and moreover, that tile is necessarily
horizontal because qj = 0. It follows that p⊕ q is 0-valid.

Sufficiency. Assume conditions (a) and (b) are satisfied. We need to prove that there exists a
chronological tiling of the chessboard M with p = pr(i) and q = pr(i + 1). To do this, partition the set
of positions j ∈ {0, . . . , k − 1} into three disjoint subsets as follows:

A = {j | pj = 0 ∧ qj = 1},
B = {j | pj = 1 ∧ qj = 0},
C = {j | pj = 0 ∧ qj = 0}.

(4)

The event pj = 1 ∧ qj = 1 cannot occur by condition (a) of the theorem. Pick a chronological tiling of M
with pr(i) = p at time ti (i ∈ {0, . . . , n}). To extend the tiling upward so as to have q as (i+ 1)-profile,
cover each square (i, j) of row i by a vertical tile (i, j)−(i+ 1, j) if j ∈ A and keep (i+ 1, j) uncovered if
j ∈ B. Now, by condition (b), the set C of not-yet-covered squares of row i constitutes the union of even
0-series of p⊕q. Thus, successively laying horizontal tiles covering C (in the process of active tiling row i)
is the only way to keep zero values in the corresponding squares of row (i + 1), so that the extension is
unique. Clearly, the (i+1)-profile of the resulting tiling coincides with the given bit string q, and so that
q ∼s p.

Thanks to Theorem 3.1, we have to perform p ⊕ q only in case p · q = 0 . . . 0 (k zeros), in which
case p ⊕ q can be effectively replaced by the decimal summation p + q followed by converting the sum
back to binary. For example, for the two consecutive profiles in Figure 2, we have pr(i) ⊕ pr(i + 1) =
1 1 0 0 0 0⊕ 0 0 1 0 0 1 = 48 + 9 = 57 = 1 1 1 0 0 1.

Note that it is not true that all k-bit strings can occur as real profiles; for instance, for k even, no
k-bit strings with an odd number of 1s can ever occur as real profiles. Nonetheless, it will be convenient
to regard such “unreal profiles” as fake profiles. The weak consistency of (possibly fake) profiles p and q
is defined by

cpq =

{
1 if both conditions (a) and (b) of Theorem 3.1 hold,
0 otherwise.

If cpq = 1, we write q ∼w p and say that q and p are weakly consistent; clearly, the relation ∼w is
symmetric.

Corollary 3.2. If q ∼w p, then q ∼s p unless the profile p is fake.

Proof. Assume that q ∼w p and that p is not fake. Then, by Theorem 3.1, q ∼w p is equivalent to
q ∼s p, which completes the proof.
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Now we can rewrite equation (3) as follows:

τ̃(i+ 1, q) =

2k−1∑
p=0

cpq τ̃(i, p), (5)

where for each i = 0, . . . , n, the bit string q runs through 0, . . . , 2k − 1 (in decimal notation) and where
τ̃(1, 0) = 1, τ̃(1, 1) = · · · = τ̃(1, 2k − 1) = 0. The desired value of τ(n, k) is found as τ̃(n+ 1, 0).

The following are five important points to be aware of concerning equation (5):

• Equation τ̃(1, 0) = 1 corresponds to the vacuous tiling and is technical;

• although profiles are defined to be k-bit strings, they may be identified with their decimal repre-
sentations,

• a disadvantage of changing to equation (5), instead of equation (3), is that we acquire fake profiles,
but a big advantage is that it is much easier to check the weak consistency than strong consistency of
(possibly fake) profiles;

• if a current bit string q is a fake profile, all profiles weakly consistent with q are also fake, so that
the corresponding terms of the sum in equation (5) vanish;

• our recursive method is based on equation (5) and has a computational advantage by using only
integers.

Another disadvantage of the recursive method (as described in this section) is that we have to check
out all k-bit strings on weak consistency with a current (possibly fake) profile. In Section 5 we compensate
for this disadvantage by beforehand preparing lists of profiles weakly consistent with a given one.

4. Building a list of all 0-valid bit strings of a given length

Let s be a bit string in {1, 0 0} and let r be an arbitrary 0-valid bit string. The concatenation of
s to r is denoted s⌢r; for example, 1⌢1 1 0 0 = 1 1 1 0 0. Let {Di} (i = 1, 2, . . .) be an array of arrays,
that is, ith element Di is a list of all 0-valid bit strings of length i. For each i, the list Di splits into two
parts so that the bit strings in one part have the prefix 1 while those in the other have the prefix 0 0.
If the prefix 1 is deleted in all bit strings of the former part and the prefix 0 0 is deleted in those of the
latter part, then the former part changes to the list Di−1 while the latter part becomes the list Di−2.

Figure 4. For an arbitrarily fixed m, we repeatedly split Di (i = m, m− 1, . . . , 3) into Di−1

and Di−2 by deleting the prefixes, which recursive process ultimately enables us to
evaluate |Dm|.

Figure 4 shows a digraph with m nodes, in which the nodes represent the lists Di (i = m, . . . , 1) and
in which the arcs of the forms (Di, Di−1) and (Di, Di−2) are labeled by 1 and 0 0, respectively. Consider
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the following sequence of the sizes |Di|:

|D1| = 1, |D2| = 2, |Di| = |Di−1|+ |Di−2| for i = 3, 4, . . . .

Thus, |Dm| = F (m+ 1) (cf. equation (1)), which provides a proof of Lemma 2.1.

Given below are the first five successive lists Dm, where s⌢Dm stands for the list formed by con-
catenating the string s to each bit string in Dm:

D1 = {1}, D2 = {0 0, 1 1}, D3 = (1⌢D2) ∪ (0 0⌢D1) = {1 0 0, 1 1 1, 0 0 1},
D4 = (1⌢D3) ∪ (0 0⌢D2) = {1 1 0 0, 1 1 1 1, 1 0 0 1, 0 0 0 0, 0 0 1 1}, D5 = (1⌢D4) ∪ (0 0⌢D3) =

= {1 1 1 0 0, 1 1 1 1 1, 1 1 0 0 1, 1 0 0 0 0, 1 0 0 1 1, 0 0 1 0 0, 0 0 1 1 1, 0 0 0 0 1}, . . . .

The above-described method is formalized below in the form of pseudocode and will be referred to
as GVS procedure, where GVS stands for “generating valid strings”.

procedure GVS(k, {Di})
Input: k: even positive integer

D1 := {1}
D2 := {0 0, 1 1}

Output: {Di}: lists of all 0-valid bit strings of lengths i (i = 1, 2, . . . , k)

for i := 3 to k do

D(i) := (1⌢Di−1) ∪ (0 0⌢Di−2)

endfor

return {Di}
end

Since the procedure GVS only uses the operations of string concatenation and merging two lists of
strings, it follows from the folklore formula,

F (1) + F (2) + · · ·+ F (k) = F (k + 2)− 1,

that the procedure GVS creates F (k + 2) − 1 bit strings, and thus, by equation (2), we come to the
following:

Lemma 4.1. The procedure GVS generates all 0-valid bit strings of lengths at most k. Its computational
complexity is O

(
φk

)
.

5. Generating a complete list of weakly consistent profiles

To be able to find all (possibly fake) profiles weakly consistent with a given one (also possibly fake),
we developed a computer code, named Generating a complete list of weakly consistent profiles, using C#
programming language. Below is a description of the algorithm and a justification (Theorem 5.1) that
the algorithm gives the correct answer.

To construct a (possibly fake) profile q weakly consistent with a given (possibly fake) profile p, we
firstly put 0s in all positions j of q whenever pj = 1. Then we identify all 0-series of p and insert all
possible 0-valid bit strings in the positions of q corresponding to those 0-series in p and successively
output the so-generated bit strings {q} as profiles weakly consistent with p.

Algorithm 1 Generating a complete list of weakly consistent profiles

Input: k: even positive integer {the width of the chessboard M}
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p: k-bit profile (possibly fake) {a bit string of length k}

Output: Wk(p) {a complete list {q} of all profiles weakly consistent with p}

Step 1: If the profile p is a single 1-series, then the only consistent profile is q = 0 . . . 0 (k zeros); in
such event, add q to the list Wk(p) and terminate the algorithm. Otherwise, denote by r = r(p) the total
number of 0-series of p and, for each 0-series, calculate the range Pi (i = 0, . . . , r−1) of its bits’ positions
in the string p, and determine the length, ℓ = ℓ(p), of the longest of those 0-series.

Step 2: Using the procedure GVS(ℓ, {Di}), generate a complete list of 0-valid bit strings with length at
most ℓ. Then generate complete lists Ri of all 0-valid bit strings that fit the ranges Pi, respectively.

Step 3: For each tuple (t0, . . . , tr−1) of bit strings such that t0 ∈ R0, . . . , tr−1 ∈ Rr−1, prepare an all-zero
bit string 0 . . . 0 (k zeros) and insert each ti into the positions of the all-zero bit string, corresponding to
the positions of Pi in p, and then add the whole string obtained to the list Wk(p) as a newly generated
profile q weakly consistent with p.

End of Algorithm 1

Here is an example to illustrate the performance of Algorithm 1 for k = 10. Given profile p =
11 0 0 0 1 0 0 0 0 (in fact, this profile is fake, which is not essential for the algorithm) which has two 0-
series (so r = 2) of lengths at most ℓ = 4, we show how Algorithm 1 generates a complete list of weakly
consistent profiles {q}. By calling the subroutine GVS(ℓ, {Di}), the following lists of 0-valid bit strings
are generated:

D3 = R0 = {1 0 0, 1 1 1 , 0 0 1}, D4 = R1 = {1 1 0 0, 1 1 1 1, 1 0 0 1, 0 0 0 0, 0 0 1 1}.

To generate all (possibly fake) profiles {q} consistent with p, the algorithm repeatedly inserts all pairs of
bit strings s0 ∈ R0, s1 ∈ R1 in the positions of P0 and P1 (respectively) of the string 0 . . . 0 (10 zeros),
adding all so generated bit strings to the cumulative list W10 (1 1 0 0 0 1 0 0 0 0). The complete list is
summarized in Table 1.

Table 1. List W10 (1 1 0 0 0 1 0 0 0 0) of all profiles {q} consistent with the profile p = 11 0 0 0 1 0 0 0 0.

0 0 1 0 0 0 1 1 0 0 0 0 1 1 1 0 1 1 0 0 0 0 0 0 1 0 1 1 0 0

0 0 1 0 0 0 1 1 1 1 0 0 1 1 1 0 1 1 1 1 0 0 0 0 1 0 1 1 1 1

0 0 1 0 0 0 1 0 0 1 0 0 1 1 1 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1

0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 1 0 0 0 0 0 1 1 0 0 1 1 1 0 0 0 1 1 0 0 0 0 1 0 0 0 1 1

Theorem 5.1 (Justification of Algorithm 1). i) Given a k-bit (k even) profile p (possibly fake), Algo-
rithm 1 generates a complete list Wk(p) of weakly consistent with p profiles {q},

ii) |Wk(p)| = F (|s0|+1)·. . .·F (|sr−1|+1), where F (·) are Fibonacci numbers defined by equation (1),
or (2), and s0, . . . , sr−1 are all 0-series of p, and |sm| is the length of sm.

Proof. To prove part (i), we need to show that each consistent with p profile q is generated by Algo-
rithm 1. Let q be an arbitrary profile consistent with the given profile p. Recall (Section 3) that two
profiles (possibly fake) are called weakly consistent provided that both conditions (a) and (b) of Theo-
rem 3.1 are met. By condition (a), qj = 0 whenever pj = 1, and the substrings of q in between those 0s
are all necessarily 0-valid by condition (b), so that the statement follows.

Part (ii) is a direct consequence of Lemma 2.1.

Theorem 5.2. The computational complexity of Algorithm 1 is O
(
φk

)
.

Proof. The statement follows from Lemma 4.1.
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6. Main result: Enhanced algorithm

The crucial motivation for enhancing our original recursive method (Section 3) is that by equation (5)
only two rows, i and i+1, of the 2-dimensional (n+1)×2k array τ̃ are in use at each time ti. This enables
us to exploit two 1-dimensional arrays, α and β, given by α(p) = τ̃(i, p), β(q) = τ̃(i + 1, q), instead of
one large 2-dimensional array τ̃ . Now equation (5) takes the following simple form:

β(q) =
∑

p∈Wk(q)

α(p). (6)

Our enhanced algorithm (Algorithm 2 below) processes profiles in decimal notation and calls the
subroutine Generating a complete list of weakly consistent profiles (Algorithm 1, Section 5).

Algorithm 2 Calculating the total number of domino tilings

Input: k: even positive integer {the width of the chessboard M}

n: positive integer {the height of M}

Output: τ = τ(n, k): the total number of ways to tile M with dominoes.

Step 1: For each k-bit string p running through 0, 1, . . . , 2k−1 (in decimal notation), call the subroutine
Generating a complete list of weakly consistent profiles (k, p), which forms the list Wk(p).

Step 2: Assign initial values to the entries of β as follows:

β(0) = 1, β(1) = · · · = β(2k − 1) = 0.

Step 3: Iterate n times over the following two steps:

Step 3.1: Copy the array β to array α.

Step 3.2: Apply equation (6) for all (possibly fake) profiles q in {0, 1, . . . , 2k − 1}.
Return the current value β(0) which is in fact equal to τ(n, k).

End of Algorithm 2

C4 =



1 0 0 1 0 0 0 0 0 1 0 0 1 0 0 1

0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0

0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0

1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



(7)

Here is an example to illustrate the performance of Algorithm 2 in the specific case k = n = 4.
To perform Step 1 of Algorithm 2, we use Algorithm 1 (Section 5). The result can be seen from the
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symmetric matrix Ck = C4 given by equation (7) and defined to be a 2k × 2k = 24 × 24 zero–one
matrix Ck = [cpq] (see Section 3 for the notation). To generate the list Wk(q) = W4(q) for each profile
q = 0, 1, . . . , 15, traverse row q of the matrix C4 from left to right: The profiles weakly consistent with
q are easily identified as those corresponding to the 1 entries in that row, where profiles are presented
in decimal notation. For example, W4(0) consists of the profiles 0, 3, 9, 12, 15; these correspond to the
1 entries in row 0 of C4 (see equation (7)).

Figure 5. The output of the first iteration of Algorithm 2.

Since W4 (0) = {0, 3, 9, 12, 15}, at Step 3, after the first iteration, we have

β(0) = β(3) = β(9) = β(12) = β(15) = 1,

and β(i) = 0 for all other i; this is recorded graphically by the diagram in Figure 5.

We represent the successive iterations of Step 3 as levels of a node-labeled tree, in which node labels
represent profiles and two nodes are adjacent provided their labels correspond to (weakly) consistent
profiles. The root of the tree is at level 0, and the levels of the tree correspond to the iterations of the
algorithm. All children of profile q are profiles consistent with q.

Table 2. Short form of recording the results of the second iteration. The upper row shows
profiles. The lower row shows the multiplicities of occurrences of the corresponding
profiles at level 2; β(0) = 5.

i 0 3 9 12 15 6

β(i) 5 2 1 2 1 1

Figure 6. The output of the second iteration of Algorithm 2.

The results of the second iteration are shown by the diagram in Figure 6. It can be seen that the
number of nodes with same label, i, at one level is equal to β(i). The results of the second iteration are
presented in Table 2, in which, for brevity, all non-zero values of β(i) are placed under the corresponding
profiles i. In total, there are five nodes with label 0 in level 2, and so that τ(2, 4) = β(0) = 5.

The results of the third iteration are shown in Figure 7, in which, for brevity of drawing, only
pairwise distinct (node-labeled) subtrees between levels 2 and 3 are retained, with multiplicities shown
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Table 3. Short form of recording the results of the third iteration; β(0) = 11.

i 0 3 9 12 15 6

β(i) 11 7 6 7 5 1

under respective subtrees; for example, the leftmost subtree occurs 5 times. There are a total number of
5 + 2 + 1 + 2 + 1 = 11 nodes labeled 0 on level 3. Also, the results of the third iteration are summarized
briefly in Table 3.

Figure 7. The output of the third iteration of Algorithm 2.

The fourth, and final, iteration is performed similarly; see Figure 8. With help from Figure 8, we
obtain β(0) = 11+7+6+7+5 = 36, and so that τ(4, 4) = 36. Since after the second and third iterations
β(0) is equal to 5 and 11, respectively, then τ(2, 4) = 5 and τ(3, 4) = 11.

Figure 8. The output of the fourth iteration of Algorithm 2.

The computational complexity of Algorithm 2 is significantly reduced if compared to the direct
recursive method (Section 3). In fact, the complexity is determined by Step 1, in whichWk(p) is calculated
for p = 0, . . . , 2k − 1, in combination with Step 3.2 (iterated n times), in which |Wk(q)| − 1 additions are
performed for each q = 0, . . . , 2k − 1. Since by Theorem 5.2, the complexity of calculating Wk(p) is equal
to O(φk), it follows that the complexity of Algorithm 2 is estimated as

2kO(φk) + n 2kO(φk) = O(n (2φ)k).

Furthermore, Algorithm 2 can be further optimized in terms of execution time: At the last iteration
of Step 3, we only need the value of β(0), after which the process can be immediately terminated without
further calculation of β(1), β(2), . . . .
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7. Comparison with known algorithms

In this section we highlight advantages of our enhanced algorithm (Algorithm 2, Section 6) by
comparing it against existing algorithms [1, 6, 11].

We start with Ahrens’ algorithm [1]. While our algorithm readily allows to evaluate τ(n, k) for
very large n, such evaluations are missing in [1]. Moreover, all attempts to calculate τ(18 000, 8), using
Ahrens’ algorithm without our key subroutine GVS (Section 4), have failed because of memory shortage.
In contrast, our algorithm has even succeeded in calculating the value of τ(150 000, 8), working with the
same software and hardware, and here is the result:

τ(150 000, 8) = 13873887020492488 . . . 05663089457,

where the whole decimal string has been actually calculated, although only the beginning and end are
shown above, with the whole string being of length 143 189.

We now proceed to the algorithms [6, 11] producing outputs which are either incorrect or incomplete,
respectively. The following are the values for τ(10, 8), τ(11, 8) and τ(12, 8), inaccurately calculated in
[6]: 1031151240, 8940739821 and 82741005789 (respectively), while their true values calculated using our
algorithm are as follows: 1031151241, 8940739824 and 82741005829. The values obtained by using our
algorithm coincide with the ones obtained in [11]. However, in [11], an unsuccessful attempt is made to
fill in the table of values of τ(n, k) for n = 2, 3, . . . , 30, k = 0, 1, . . . , 9. More precisely, for no k (k > 4),
is the table completely filled out in [11] for n running through 2 to 30. In contrast, our algorithm readily
allows us to obtain the values of τ(n, k) for

n = 1, 2, . . . , 513, k = 16 (see [8]), and

n = 0, 1, . . . , 11, k = 32 (see [9]).

Finally, the bottom line is that the reason for the high accuracy of our enhanced algorithm lies in
highly efficient and tech-enhanced usage of memory.
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