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Abstract: Algebraic number theory has recently attracted significant interest due to its role in algebraic lattice
theory and in the design of codes for applications in coding theory. Algebraic lattices have been useful
in information theory, where the problem of constructing lattices over number fields with full diversity
and maximal minimum product distance has been investigated, since these parameters are directly
related to error probabilities over Rayleigh fading channels. In this paper, we present a family of
full diversity rotated unimodular lattices constructed via totally real subfields of the cyclotomic fields
Q(¢p), with p an odd prime. A closed-form expression for the minimum product distance is derived.
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1. Introduction

A finite extension K of Q is called a number field, and the degree of the extension Q C K
is denoted by [K : Q] = n. In this case, there are n Q-embeddings o; : K — C. The
Galois group of the extension Q C K, denoted by Gal(K/Q), is the group of Q-automorphisms
c : K —» K The ring of algebraic integers of K is defined as Ox = {a € K |
there exists a monic polynomial f(x) € Z[z] such that f(a) = 0}, and it is a free Z-module of rank
n. The determination of the ring of integers has long been a subject of study and is closely linked

n
to lattice theory. The norm and trace of an element o € K are defined as Nk, q(a) = Hai(a) and
i=1
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Trg g(a) = Zai(a), respectively. The discriminant of K is defined as Dx = det (TTK/@(aiaj))?jzl
i=1

= (det(aj(ai));szl)Q, where {aq, @a,...,a,} is a Z-basis of Ok.

It can be shown that every nonzero fractional ideal Z of Ok is a free Z-module of rank n. The norm
of a free Z-module Z C Ok of rank n is defined by Nx(Z) = #(Ok/Z). If 7 is a principal ideal, with
T = aOk for some o € Ok, then Nx(Z) = [Nk g(a)| [15].

A lattice A is a nonzero discrete additive subgroup of the n-dimensional Euclidean space R™. Equiv-
alently, A C R™ is a lattice if and only if there exists a set B = {uy,us, ..., un,} of linearly independent
vectors in R™ such that

m
A= {Zaiui;aieZ, i:l,Q,...,m}.

i=1
The set B is called a basis for A. In this work we only consider full rank lattices, that is, lattices
A C R" with rank m = n. A matrix M = (u;;)}';_; whose rows are the vectors uy,...,u, is said
to be a generator matriz for A, and the matrix G = MM? is called the Gram matriz associated with
M. The determinant of A is defined by det(A) = det(G), which is invariant under change of basis [8].
A lattice A has diversity k < n if k is the largest integer such that every nonzero vector y € A has
at least k& nonzero coordinates. In particular, when k& = n, the lattice is said to have full diversity.
Given a full rank lattice A C R™ with full diversity, its minimum product distance [3] is defined as

dp,min(A) = inf {H |y1| Yy = (y17y27~ . ayn) S Aa Yy 7é 0} .

=1

Proposition 1.1. [3] If K is a totally real number field and T C K is a free Z-module of rank n, then
A = 04(2) is a full diversity lattice and the minimum product distance of A is given by dpmin(A) =

Nk g() mingyez ’NK/@(y)|. If T C Ok is a principal ideal, then dp min(A) = ,/df[t)(tg).

One of the most fruitful ways to construct lattices is via number fields. The connection between their
geometric and algebraic natures was first observed by Minkowski. Specifically, in this work we consider
a totally real number field K of degree n, together with its n distinct Q-embeddings ¢; : K — R for
1=1,2,...,n.

The embedding
0o : K— R"
€T — (\/047101(5’3), ceey \/OTan(LE)) )

where a € K is such that a; = o;(«) > 0 for all ¢ = 1,...,n, is an injective homomorphism, called a
twisted embedding [4, 5].

Proposition 1.2. [3]/ If T C K is a free Z-module of rank n with Z-basis {w1, ..., w,}, then the image
A =04,(Z) is a lattice in R™ with basis {oa(w1),...,04(wy)}. Moreover, G = (TTK/Q(awiwj))ijl is a
Gram matriz for A.

This association between number fields and lattices in R™, called algebraic lattices, allows us to
derive certain lattice parameters that are usually difficult to calculate for general lattices, such as the
minimum product distance and the packing density.

If T C Ok is a Z-module of rank n with Z-basis {wy, ..., w,}, then the lattice o,(Z) has generator
matrix M = M;D, where

O’l(wl) Jg(wl) Un(wl)
My — Jl(wg) (72(.11)2) Un(w2)
o1(wy) o2 (;LUn) on(wn)
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and
g1 (Oé) 0 0
D 0 U.Q(OZ) 0
0 0 on(a)

The purpose of this paper is to present a method for constructing a family of full diversity rotated
unimodular lattices arising from totally real subfields of the cyclotomic fields Q(¢,), where p is an odd
prime. Section 2 presents basic results on p-th cyclotomic fields. Section 3 contains the main contri-
butions, namely the construction of unimodular lattices. Section 4 concludes with a discussion of the
results.

2. Basic resuts of p-th cyclotomic fields

Let p be an odd prime, and let L = Q({,) be the p-th cyclotomic field, where (, is a primitive p-th
root of unity. The extension Q C Q((p) is cyclic, and its Galois group is isomorphic to Z; = (7), i.e.,

Gal(L/Q) = (o,) = {or,02,...,0m-1}, where 0,.:((p) = (;i foralli=1,2,...,p— 1.

From the Galois correspondence theorem, it follows that the subfields of Q((,) are precisely the fixed
fields K = Q(G)r = {a € Q(§) : 0(o) = a for all ¢ € H} by subgroups H of G = Gal(Q((,)/Q).
Furthermore, the totally real subfields of Q((,) are the fixed fields corresponding to subgroups H C
Gal(Q(¢p)/Q) such that the complex conjugation is contained in H. The following diagram illustrates
the correspondence between intermediate fields of Q C IL and subgroups of its Galois group:

Q(lcpw—{?}
K <«— H
b

Furthermore, the ring of algebraic integers of Q((p) is Z[(p] = {ao + a1(p + aal} + -+ + ap_o(L 2 :
ap, a1, ...,0p—2 € Z}

We end this section with the following proposition, which characterizes the subfields of Q((,). This
result is extremely important for the lattice constructions presented in the next section.

Proposition 2.1. [14] Let K C Q((p) be a number field such that [Q((p) : K] = m and [K: Q] =n. If
0= TTQ(CP):K(CI’)’ then

1. K=Q(0);

2. {0,(0),0,2(0),...,0:(0)} is an integral basis for Ok;

3. Gal(K/Q) = (o) = {0y, 002,...,0m };

4. The discriminant of the extension Q C K is Dg = p™~;
5. Gal(L/K) = (o) = {0,020, ... ,0pmn }.

3. Construction of unimodular lattices

Constructions of algebraic lattices have been proposed in several papers, for example, [1-7, 9-11, 14].
Lattices constructed from totally real number fields have full diversity, which makes them attractive for
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use on Rayleigh fading channels. Furthermore, results in the literature indicate that signal constellations
based on algebraic lattices offer a good trade-off between bit labelling and constellation shaping, since they
are only slightly worse in terms of shaping gain yet are usually easier to label. In [3], the authors showed
that if K = Q(¢, + Cp_l) is the maximal totally real subfield of Q({,), p prime, and oo = (1 —(,)(1 — Cp_l),
then the lattice %UQ(OK) is a rotated Z"= -lattice. In this case, the Gram matrix G associated with

the Z-basis {e1,...,en}, where e; = ¢} 4+ ¢, forall i =1,2,...,p — 1, of O is given by

2 -1 o ... ... 0
12 1
G| 0 -1 2 (1)
10
12 -1
0 0 -1 1

Furthermore, TGT*? = I,,, where

o O
OV =
==
— =
—

[\

S~—

000 ...1
T denotes the transpose of the matrix 7" and I,, is the identity matrix of order n.

Proposition 3.1. [4] If T C Ok is a nonzero free Z-module of rank n, then det(c,(Z)) =
NK(I)ZNK/Q(O[)DK.

From now on, let K C L = Q(¢,) be a totally real number field. From Proposition 3.1, a necessary
condition for constructing a rotated unimodular lattice scaled by /¢, with ¢ € Z, via a free Z-module
T C Ok, is the existence of an element « such that o(a) > 0 for all 0 € Gal(K/Q) and

¢" = Ng,g(a) Ng(T)? Dx. (3)

Taking Z = Ok and ¢ = p, a necessary condition for constructing a rotated unimodular lattice %UQ(OK)

is the existence of a totally positive element o € Ox such that Nk g(a) = p. In the following proposition,
we present an element o such that Ny g(a) = p.

Proposition 3.2. If a = Ny k(1 — (), then Nk g(a) = p.

Proof.  The p-th cyclotomic polynomial is ®,(x) = 1+z+2?+- -+~ = (x—(p) (x—(7) - (=
Hence, Ny o(1 — ) = [[2) (1 — ¢}) = ®,(1) = p. Finally,

p = Npjg(l — ) = Ngjo(Nux(l — G)) = Ngjgla),

which proves the result. O

_ ppfl)_

Since K is totally real, it follows that m is even, and the complex conjugation lies in Gal(L/K). In

the next result, we show that the lattice =0, (Ox) is in fact unimodular.
VP

Proposition 3.3. Let [K : Q] = n and Gal(L/Q) = (o,) for some r € N. If « is defined as in
Proposition 3.2, then the lattice ﬁaa((’)K) is a rotated unimodular lattice.
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Proof. Let 0 = Tryx((p). From Proposition 2.1, a Z-basis of Ok is given by {o,(0),...,0,(0)}. A
Gram matrix associated with 0, (Ok) is G = (gi;)} j—, where

gij = Trijg(a o, (0) 0,5 (0) = > opn(a o, (0) o, (0)).
k=1

From Proposition 3.2, N ,g(a) = p. Therefore, aOk is a prime ideal of Og. Furthermore, «Oxg NZ = pZ.
Hence, pOg = (aOxk)"™. Since o,x(aOx) lies over pOxk for all k = 1,...,n, it follows that o.x(aOk) =
aOg. Hence,

1
Trio(eo,i(0)0,4(0)) € aOx NZ =pZ and » Tri o(eo,i(0) 0,4 (0)) € Z.

Since det (04 (Ok)) = p", it follows that ﬁaa(OK) is a unimodular lattice. O
Proposition 3.4. If a = Ny k(1 — (), then Trg g(a) = p.
Proof. Using properties of the trace and [3], we obtain

p=Tri(G) = Treja(Truk($p)) = Trrjgla),
which proves the result. O

Corollary 3.5. The lattice ﬁaa((’)K) 1s an odd unimodular lattice with minimum Euclidean norm 1.

Proof. Since 1 € Ok, it follows that T'rg /g (o) corresponds to the squared Euclidean norm of the vector
a(l). O

Remark 3.6. In some special cases, we can characterize these lattices without using Gram matrices. It
is known that the only odd unimodular lattices in dimensions n < 8 are rotated Z"-lattices [8]. Therefore,
if [K: Q] <8, then the unimodular lattices in Proposition 3.8 are rotated Z™-lattices.

According to Remark 3.6, the unimodular lattices obtained up to dimension 8 are rotated Z"-lattices.
In the following examples, we present constructions of odd unimodular lattices in specific dimensions,
using the LLL lattice basis reduction algorithm [12] in Mathematica to find a change-of-basis matrix. In
what follows, we set e; = sz + C;i foralli=1,2,...,p—1.

Example 3.7. Let K C Q((73) be a totally real number field with [K : Q] =9 and Gal(Q((73)/Q) = (03).
We have K = Q(0), where § = e1 +e1p+e2a+ear, and let a = (2—e1)(2—e10)(2—e22)(2—e27). A Gram
matrix G for \/%UQ(OK), associated with the Z-basis {es + €23 + €36 + €11, €25 + €31 + €34 + €15, €21 +
€9 + €24 + €17, €32 + €28 + €26 + €12, €14 + €6 + €16 +-€13,€3 + €30 + €7 +-€eg, e15 + €4 + €35 +-€e33,e2 + ez +
e29 + €19, €10 + €27 + €1 + e22} of Ok, is given by

36 -9 14 -19 -20 6 0 2 =2
-9 100 5 -3 1 2 0 -10 2
14 5 24 -18 -16 9 1 -—-15 -2
-19 -3 -18 20 15 -8 0 10 -1
-20 1 —-16 15 16 -6 0 5 1
6 2 9 -8 -6 4 0 -6 0
0 0 1 0 o 0 1 -1 -1
2 -10 -15 10 &5 -6 -1 16 O
-2 2 -2 -1 1 0 -1 0 3

183
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Considering the change-of-basis matrix

0o 1 0 0 0 1 1 1 O
0 -1-1 0 -1 -2-1-220
11 2 1 2 0 0 1 1
0 -1 0 0 0 -1 0 -1 1
T = 2 2 3 2 3 1 1 2 2

-1 -2 -1 -2 -1 -4 -2 -2 -1
-3 -5 -5-4-5-6-4-6 -3
0 0 0 0 0 0 1 0 O
3 4 6 4 5 3 3 5 4

we have TGT® = Iy. Therefore, the lattice Ok) is a rotated Z°-lattice.

1
7mal
Example 3.8. Let K C Q({41) be a totally real number field with [K : Q] = 10 and Gal(Q(C41)/Q) = (06).
Thus K = Q(0), where 8 = ey + eg, and let « = (2 —¢e1)(2 —eg). A Gram matriz G for \/%UQ(OK),
associated with the Z-basis {66 +e13,65 +e4,€11 +€17,€16 + €20, €14 + €3, €2 + €18, €12 + €15, €10 + €8, €19 +
er,e9 +e1} of Ok, is given by

4 -1 0 1 -1 1 -2 0 -2 0
-11 0 0 -1 0 1 0 0 O
0o 0 4 -11 -2-2-21 1
1 0 -1 2 0 0 -1 1 =20
-1-11 0 4 -2-2 0 1 0
1 0 -2 0 -2 4 1 2 -2 -2
-2 1 -2-1-21 4 0 1 0
0o 0 -21 0 2 0 4 -2 -4
-2 0 1 -2 1 -2 1 =2 4 1
0 060 1. 0 0 -2 0 -4 1 6

Consider the change-of-basis matrix

o 1 0 0 O O O O 0 O

0o -11 1 0 0 1 0 0 O
-1-1 0 0 -1 0 -1 0 0 O

11 1 2 1 1 1 0 1 O

T_ -1-1-1-1-1-1-1 0 -1 0
o o 1 -1-2 0 -1-10 -1 0
21 2 2 1 1 2 2 2 1

-2 -1-3 -4 -2 -2 -3 -2 -3 -1

21 3 3 2 2 3 2 2 1

-1-1-1-1-1-1-1-1-1-1

so that TGT® = Ig. Therefore, the lattice Ok) is a rotated Z'°-lattice.

1
a0l

Since Ok is a principal ideal and Dy = p"~!, from [3] it follows that the minimum product distance
of A = %GQ(OK) is given by

dp min(A) = NI = p"T_l'

Thus, for a fixed dimension n, the greatest minimum product distance is obtained when p is the smallest
prime such that n divides (p — 1)/2.

The family of full diversity rotated unimodular lattices obtained in Proposition 3.3 has the same

packing density as Z", which is A(ﬁaa(OKD =2 ( dz(gll(\l)gl(/lz)) = VOl(ﬁ(l)). However, the fact that the




A. A. de Andrade, G. C. Jorge / J. Algebra Comb. Discrete Appl. 13(2) (2026) 179-186

1
757l
that they are rotated Z"-lattices. In [3], the authors showed that for K = Q(¢, + ¢, ') and @ = 2 — ey,

the lattices \/%—,Ua(OK) are indeed rotated Z "= -lattices. In our more general setting, we do not observe

lattices Ok) are unimodular and have the same packing density as Z™ is not sufficient to guarantee

a pattern in the Gram matrices obtained using the Z-basis of Ok from Proposition 2.1, as illustrated in
Examples 3.7 and 3.8.

4. Conclusion

Lattices have been studied in various areas, particularly in information theory and cryptography
[7, 13]. In [1, 2, 6, 11|, the authors presented families of full diversity rotated Z"-lattices based on
algebraic number theory. Based on these constructions, a technique was introduced to construct families
of full diversity rotated unimodular lattices via subfields K C Q((,+(, 1), where p is an odd prime. These
lattices are geometric images of the ring of integers of K. Performance in terms of minimum product
distance is given by an explicit formula in terms of the discriminant. Furthermore, based on Examples 3.7
and 3.8, we believe that the unimodular lattices in Proposition 3.3 are rotated Z"-lattices for all n € N*,
which remains an open problem; in particular, one needs to find a suitable Z-basis for Og with respect
to which the Gram matrix is the identity.
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