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1. Introduction

Let G = (V, E) be a graph. A weight on G is a function w : V x V' — [0, +00) such that for u,v € V|

w((u,v)) >0 if (u,v) € F,
w((u,v)) =0 otherwise.

In other words, w assigns a positive number w((u, v)) to each edge (u,v) € E. Such a graph G is called

a weighted graph. Every graph G = (V, E) can be given the trivial weight w((u,v)) =1 if (u,v) € E and

w((u,v)) = 0 otherwise. In this case, we refer to G as an unweighted graph.

* This work was supported by JSPS KAKENHI Grant Numbers JP23KJ2020 and JP25K23339, and a Waseda
Research Institute for Science and Engineering Grant-in-Aid for Young Scientists (Early Bird).

Yuuho Tanaka (Corresponding Author); Faculty of Science and Technology, Oita University, Oita, Oita 870-
1192, Japan, (tanaka-yuuho@oita-u.ac.jp).

© 2026 The Author(s). Published by iPeak Academy Ltd. This is an open access article under the CC BY 4.0 license
(https://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.13069/jacodesmath.v14i1.358 e-ISSN: 2148-838X


https://portal.issn.org/resource/ISSN/2148-838X
https://doi.org/10.13069/jacodesmath.v14i1.358
https://orcid.org/0009-0006-1005-1145
mailto:tanaka-yuuho@oita-u.ac.jp
https://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog?doi=10.13069/jacodesmath.v14i1.358&domain=pdf&date_stamp=2026-10-18

Y. Tanaka / J. Algebra Comb. Discrete Struct. Appl. 14(1) (2027) 11-29

A random walk on a graph G is a discrete stochastic model such that a random walker on a vertex u €
V moves to an adjacent vertex v at the next step with probability %7 where W(u) = 3 oy w((u, z)).

A random walk on an unweighted graph (namely w((u,v))/W(u) = 1/ deg(u), where deg(u) = [{v € V|
(u,v) € E}|) is called a simple random walk. The number of steps required until the random walker
starting from a vertex u of G will first arrive at a vertex v of GG is called the hitting time from u to v of
the random walk on G. The average hitting time (AHT) from u to v on G, which is denoted by h(G;u,v),
means the expected value of the hitting time from u to v of random walks on G.

Using an elementary method, Doi et al. [4] gave the exact formula for the AHTs of simple random
walks on the unweighted Cayley graph Cay(Zy,{+1,+2}). Furthermore, Tanaka [10] gave the exact
formula for the AHTSs of simple random walks on the unweighted Cayley graph Cay(Zy, {41, +2}). The
purpose of the present paper is to derive exact formulas for the AHTS of random walks on certain weighted
Cayley graphs by using matrix equations and matrix decompositions. Chang et al. [2] obtained an explicit
formula for the AHTS of random walks on weighted undirected graphs by using the formula for the number
of spanning trees of the graphs. Therefore, the aim of this paper is to obtain exact formulas for the AHTs
of random walks on the weighted Cayley graphs Cay(Zay, {£1}) and Cay(Zy, {+1,+2}).

For undirected Cayley graphs, in the method using matrix equations, the entries of the inverse of
the coefficient matrix can be expressed using the sequence of numbers appearing in the formula for the
number of spanning trees [4, 8]. Therefore, we hypothesize that a similar property holds for weighted
Cayley graphs. For a weighted graph, we can obtain the weighted spanning tree enumerator from the
weighted matrix-tree theorem [6, 7]. Thus, we can deduce the entries of the inverse of the coefficient
matrix in this case.

Our proof is concise and fully combinatorial. In particular, it does not require any spectral graph
theoretical arguments. For the weighted directed Cayley graph Cay(Zy,{+1,+2}), we develop a novel
method by combining the Laplacian matrix approach LU decomposition [5].

This paper is organized as follows. In Section 2, we present our main results concerning the exact
formulas for the AHTs and discuss their implications. In Section 3, we provide fundamental definitions
related to weighted graphs. In Section 4, we derive the exact formula for the AHTSs of random walks on
the weighted Cayley graph Cay(Za,,{£1}) in a special case, by decomposing the coefficient matrix of
the matrix equations for the AHTS into a product of simple matrices. We also compute the inverse of
each of these simple matrices to derive the exact formula. In Section 5, we present the exact formula for
the AHTS of random walks on the weighted Cayley graph Cay(Zy,{+1,+2}) in a special case. Finally,
in Section 6, we establish the exact formula for the Kirchhoff index of random walks on these weighted
Cayley graphs.

2. Main results

In this section, we present our main results concerning the exact formulas for the AHTs on the
weighted Cayley graphs.

Theorem 2.1. For 1 < ¢ < 2n — 1, the exact formula for the AHTs of random walks on the weighted
Cayley graph Cay(Zap,{£1}) is

. _ 1 {(2n — 1) if £ is even,
h(Cay(Zan, {£1});0,¢) = (1= p) {(g —1)(2n—+1)+4(1 —p)(n—L+p) if{ is odd,
i _ 1 {(2n — 1) if £ is even,
h(Cay (Zon, {£1}); 1,04+ 1) = =) {(g_1)(2n_€+1)+4p(n_£+1_p) 52 is odd.

Theorem 2.2. For 1 < ¢ < N — 1, an ezact formula for the AHTs of random walks on the weighted
Cayley graph Cay(Zy,{+1,+2}) is

Np-D(p-1"'=1) - Hp-1)"-1)

h(Cay(Zn,{+1,4+2});0,¢) = =2 =D" -1
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These exact formulas under the weighted settings generalize the previous results for unweighted
graphs provided by Doi et al. [4] and Tanaka [10]. Crucially, our formulas explicitly capture the depen-
dence on the weight parameters p and ¢, revealing how the asymmetry of edge weights influences the
expected random walk steps. As an important application of these main theorems, we can also evaluate
the topological invariants of the underlying graphs. In Section 6, we utilize the above theorems to derive
exact formulas for the Kirchhoff index of these weighted Cayley graphs, demonstrating the utility of our
AHT formulas in electrical network theory.

3. Preliminaries

A directed graph (or digraph) is a couple G = (V, E), where V is a set of vertices and E is a family
of ordered pairs (z,y) of distinct elements in V', which is called the set of edges. If (x,y) € F, then we
say that vertices x and y are incident with the edge (z,y) joining x and y.

The Laplacian matriz Laps = [Lapg(i, 7)] indexed by the vertices for a weighted graph G is defined
as

ZwEVw((iVT)) 1fl:.]7
—w((i,7)) otherwise.

LapG(ivj) = {

Let Lapy (resp. Lap) be the matrix obtained from Laps by deleting the first (resp. last) row and
column.

Let G be a finite group and let S C G be a subset. The corresponding Cayley graph Cay(G, S) has
its vertex set equal to G. Two vertices g, h € G are joined by a directed edge from g to h if and only
if there exists s € S such that g = sh. For any vertex z of a Cayley graph Cay(G, S), the out-degree
deg(z) = |S| is constant.

4. Weighted Cayley graph Cay(Zs,, {£1})

We define a weight w({v;,v;}) on the weighted undirected Cayley graph Cay(Za,,{£1}) as follows:

p if j—i=1,iis even,
w{v,v;})=<q ifj—i=1,4isodd,
0 otherwise,

where v; = ¢ + 2nZ € Zs,, and for any adjacent vertices, the integer representatives i, 7 € Z are chosen
such that j —¢ = 1.

Let  be the column vector whose i-th entry is

hon(1,2n —i+1) if 1 <4 <2n—1,iis odd,
hon (0,20 — %) if1<i<2n—1,1is even,
hon(1,4n — 1) if 2n <i < 2(2n—1), 4 is odd,
hon(0,4n —i—1) if 2n <¢<2(2n —1), i is even,

and let T be a column vector of proper dimensions whose entries are all 1.

On the weighted undirected Cayley graph Cay(Za,,{+1}), we can assume that a random walker
starts from vertex 0 or 1 without loss of generality. By definition, in a random walk on Cay(Zz,, {£1}),

the walker moves with probability ﬁ or ﬁ to an arbitrary adjacent vertex. Moreover, by the symmetry
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of Cay(Zan,{£1}), we have

hgn(O,é) = hgn(2k, 2k + E) = hzn(Qk, 2k — 2n + 6)7
hon(1,€) = hon(2k + 1,2k + ) = hon(2k + 1,2k — 2n + 0)

for all k,¢ € Zs,,. By the above properties, we have that V¢ € Zs,, \ {0},

o (0, 0) = qu (q(1+ han(=1,0)) + p(1 + han(1,0)),

and hence Y/ € Zs,, \ {0},
(p + Q)hQn((),g) - qhQn(la 0+ 2) - thn(la é) =p+q.
Similarly, we have that V¢ € Zo, \ {1},
1

and hence V¢ € Zy,, \ {1},
(P + @)h2n(1,6) = phan(0,£) = ghan(0,£ - 2) = p+q.

Therefore, we obtain

/!

LaPCay(Zon, {21}) 0 h=(p+q)l
0) Lapcay(z,,,{+1}) pre

Let Hs, be the 2(2n — 1) X 2(2n — 1) matrix whose (i, j)-th entry is

Lap&ay(z2n7{i1})(l’,j) if 1 < Z,] < 2n — ].,
Lap’éay(zmu{il})(i —2n+1,5—2n+1) if2n<i,j<2(2n-1),
0 otherwise.

Then we have Hynh = (p + ¢)1.

Our goal is to obtain an exact formula for the AHTs of a random walk on Cay(Za,, {£1}), so we
need to solve the above matrix equation.

4.1. Proof of main theorem

To determine the AHTS, it suffices to solve the matrix equation Ho,h = (p+q)1. First, we decompose
the coefficient matrix Hs,,.

Assume that p+ ¢ = 1. Let Us, be the 2(2n —1) x 2(2n — 1) upper triangular matrix whose (7, j)-th
entry is 1 if 7 > ¢ and 0 otherwise. Furthermore, we define the matrix Ro, as follows:

2 ifrisodd, 1 <i=j < 2n,
3—2p ifiiseven,1<i=j<2n,
2p ifiisodd,2n <i=j<2(2n-1),
Ron(ij):=42—p ifi#j 1<ij<2n,
P ifi #£j,2n <i<2(2n-1),
i, 2n<j<20@n-1),
1 otherwise.
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Then the inverse matrix R;nl is given by

1. 1 !
RQrzl(Za]):g —L=2

Then we have the following.

if + = j and 4 is odd,
if i = j # 2n and i is even,
ifi=j=2n,

if « and j are odd, and either i < 2n < j or j < 2n < i,

if 7 and j are even, i # j, and either i < 2n < j or j < 2n <1,

ifi#£j
otherwise.

Theorem 4.1. H,,, = U{nl Ro, tU{nl.

(mod 2), and either ¢ < 2n < j or j < 2n <4,

Proof. Let Sy, denote the matrix UillentUQ_nl. By simple matrix computations, the entries of So,

can be calculated as follows:

SQn(Zay) =

1 if i = 7,
ifi=7+1,iis odd,

1 =4 —1,1is even,

R2n(2(2n - 1)7j) - R2n(2(2n - 1)7j + 1)
Ron(i,2(2n — 1)) — Ron(i,2(2n — 1))

Ron(2(2n —1),2(2n — 1))

—1+4+p ifi=j+1,i+# 2n,iis even,
i=7—1,1#2n—1,4is odd,
0 otherwise.

Therefore, we have Sy, = Ho,.

Defining a new variable vector h’/ =

single matrix equation as

r /
hl
/
2

i hQn(l,ZTI,)
hgn(o, 2n — 2) — hQn(l, 2’)1)

han(1,2) — hap(0,2)
hon (0,20 — 1) — han(1,2)
hon (1,21 — 1) — hon (0,20 — 1)

3)
3)

h2n(1a3) - h2n(07
h2n(07 1) - h2n(17

Solving this matrix equation, we obtain the following lemma.

Ron(i,j) — Ran(i,j +1) — Rop(i+1,5) + Ran(i+ 1,5+ 1)

if1<ij<2@2n—1),

if i =2(2n — 1),
j#2(2n—1),
if i #2(2n — 1),
J=2(2n-1),

ifi=j=202n-1),

O

tUZ_nlﬁ, the matrix equation Hgnﬁ = T can be expressed by a

T 22n—1) 7
2(2n —1) — 1

2n
2n—1
2n — 2
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Lemma 4.2. For 1 </{<2(2n-—1),

%{ﬂ if1<0<2n—1,0is odd,
%é‘;p if 1 <0<2n—1,1 is even,
h, 0 if € = 2n,
b fon4+1<0<22n—1), ¢ is odd,

P
3"{};” if2n+1<4<22n—1), ¢ is even.

~
I

Proof. For the case where 1 < ¢ < 2n —1 (¢ is odd), we have
hy = Ry\" [4n —2,4n =3, 1]

2n—1

> Ryl (L k)(An —k—1)
k=1

— (1= 1-— 1 «
:M(gm_g_l)—J 2(2n — k *Z (2n—k)—1)
np P S [yt
k;é“'l
dn—0-1 1-p& RS
— — 202n — k) — — 22n — k) — 1
5 o Z ( ) n;(( )—1)
dn—L—1 1-p, 1
_ _ An? — D) — —(n(dn —1) — 1
. ” (4n* —n(n + 1)) n(n( n—1)—n(n+1))
n-t+p
P

For the case where 1 < ¢ < 2n — 1 (£ is even), we have
hy =Ry [4n —2,4n —3,--- /1]
2n—1

> Ryl (L k)(An — k- 1)
k=1

:ﬂ(gm_g_l)—% > (2(271—7%’)—1)—%22(2"_1‘;)

n(1—p) n(l=p) 52, Pt
kAL
dn -0 —1 P - 1 —
= — 22n —k)—1) — — 2(2n — k
e POC R R R SR
dn—¢—1 P 1
- - An —1) — 1)) — = (4n? — 1
o gy (ndn = )=+ 1) = - (an® —n(n+ 1)
_n—AL+p
=1
In the case of £ = 2n, we have
:Rglt[4nf24n—3,'~,l]
ZR% 2n, k)(4n — k — 2)
k=1
An=p) iy, gy _P Y @een-k) 1) 12&?2(2 k)
n— I n—k)—1)—— n—
n(l—p) n(1-p) 1<k<2n—1 no
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(2n —1)(2n —p) P 1
= — 2n—1)4dn—-1) —2n(2n—1)) — —(4n(2n—1) — 2n(2n — 1
) (20— (0 1) 20(20 1)) = 4n(2n— 1) ~ 20(20 - 1)
_ _ _ 12
:(Qn D@n—p) (2n 1)p_2(2n_1)
n(1l—p) n(1l —p)
=0.
For the case where 2n+1 < ¢ <2(2n —1) (¢ is odd), we have
hy = Ry [4n —2,4n — 3, 1]
4n—3
= > Ryl (tk)(4n—k—1)
k=2n—1
n—(1-p) 1—p 1
n+1<k<2n-—1 k=n
k7£[+1
dn— 0 —1 17p 2n—1 12n—1
= - 22n — k) — — 22n —k)—1
» " k;ﬂ:ﬂ( ) nkZ:;L(( )—1)
n—0—-1 1-p= 12
= - 2(n—k) — — 2n—k)—1
R PR SLUEL R DOCIRURY)

p np n
_3n—{—p

p
For the case where 2n 4+ 1 < ¢ <2(2n — 1) (¢ is even), we have
hy =Ry, " [4n —2,4n — 3, 1]

4n—3
= 3 RpMR)An—k-1)
k=2n—1
n—p P 1 2n—1
- m(éln —0—1) - YR n<k<22n71(2(2n —k) -1 - k:ZnH 2(2n — k)

k=n k=n-+1
Cdn—f-1 p e LN,
-1 n(l_p);(z( k) —1) ”k:12( k)
_4n—£—1_ P nZn —1) —n(n — —l nn—1) —nn —
== n(l—p)((2 1) =n(n—1)) = ~(2n(n — 1) = n(n - 1))
_3n—Ll—p
=1

Combining Lemma 4.2 and the equations
dn—0—1

227_11_2 h! if ¢ is even, St
h — = ) dh _ i=
0t {2;‘2;“ it Cisodd, T P TASIN i £s odd,

0
H L8 ever, for1</¢<2n-—1,
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we obtain Theorem 2.1.

Proof. For the case where ¢ is even, we have

2n—+¢
n—(2i—1)+ in—2i+
han(0,0) = 3 LU ER sh 2
i=1 p o 1op
2n—4 2n—4
1 2 n—2i+p
=Y -+
;p ; p(1—p)
B 2n—€+ 2n—0Om+p) (2n—6)@2n-—L+2)
2p 2p(1 —p) 4p(1 —p)
_{(2n—1)
4p(1—p)
For the case where ¢ is odd (¢ # 1,2n — 1), we have
an—t—1 dn—0—1
(22—1 +p n—2z+p L 3n—(20—1) N 3n—2i—p
han(0,€) = Z Z > + ) —
i=1 i=n+1 p i=n+1 p
_1 271—25—1 2n72£71
“n—(2i—1)+p <=n-—2i+p n—(2i—1)—p n—2i—p
=> +> + + >
i=1 p o 1o i=1 p i=1 I=p
2n—f—1 2n—f0—1
"1 n-p n—2i+p 1 n—2i—p
=> —- =+
~p P — p(l1—p) ; p = pl-p)
~n _n—-p m-Dhnr+p nn-1)
p P p(1—p) p(1—p)
+2n—£—1 2n—t-1)(n—p) (2n—€-1)(2n—-(+1)
2p 2p(1 - p) 4p(1 - p)
2n+2p—L—1 pn—-1) n—L-1)(-2p+{—-1)
2p p(1—p) 4p(1 —p)
_(=1)2n—L+1)+4(1 —p)(n—L+p)
4p(1 —p) '
For the case where £ = 2n — 1, we have
n —(2i -1 n—1 _ 9
hzn(ojgn_l)zzw+zw
i=1 p o 1o
-yl S
= P
n n-p +< nt )<n—1)_n<n—1>
p P p(1—p) p(1—p)
m—1)—(1-p)(n—p—1)

p(1—p)

_ (anlfl)(2nf(2n71)+1)+4(17p)(n7(2n71)+p).

4p(1 —p)
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For the case where ¢ = 1, we have

n n—1 . 2n—1 . 2n—1
n—(2i—1)+ n—2i+ 3n—(21—1) — 3n — 21 —
han0.1) = Ly R,y meEoor, B
i=1 o 1o i=n+1 p i=n+1 I=p
n n—1 . n—1 . n—1 .
n—2i—1)+p n—2i+p n—(2i—1)— n—2i—p
= + + +
R T e Vi
n n—1 n—1 .
1 n-—p n—2+p 1 n— 2 —
=Y + +yY ey T F
;p p Zl p(1—p) le Zl p(1—p)
~n n-p 2nmn-1) 2nn-1) n-1
p p p(l—p)  p(1-p) p
_n—1+p
p
_(1-1)2n-1+1)+4(1—-p)(n—1+p)
4p(1 —p) '
For the case where /¢ is even, we have
4n—4£ 4n—£—2
" n— (22—1 —|—p n—2z+p L 3n—(2i—1 . 3n—2i
han(l,041) =3 ————— Z + Y + Y —
=1 1=n—+1 i=n+1
1 %LTZ 271—2272
" n—(2i—1)+p w=n-—-2i+p n—(2i—-1)—p n—2i—p
= Y Ry
R N L R PR
1 2n—¢ 2n—0—2
1 n—-p ~~n-—2i+ 1 n—(2n—40) - . on—2i—
:Zf_ P+Z p+ " ( ) P+ p
—~p p = pl-p) = p ~ p(l-p)
~n _n—-p m-Dn+p nhr-1) 2n—C n—L+p
p p p(1—p) p(l—p) 2p p
+(2n—£—2)(n p) (2n—€-2)2n—10)
2p(1—p) 4p(1 —p)
_pln—p) L£—-2p (2n—L—2)(¢—2p)
p(l—p)  2p 4p(1 —p)
_{(2n 1)
4p(1—p)
For the case where £ is odd, we have
271,72(4»1 2n+@71
n—(2t—1)+ n—2i+
hon(,0+1)= 3 Mo oD ER g 2ty
i=1 p i=1 1-p
2n—4+4+1 2n—4—1
B 22: 1 n—tl-p+1 i: n—2i+p
~ p p ~ p(l-p)
_2n—4+1 n-l-p+l (n—L-1)(n+p) n—L-1)2n-L+1)
2p P 2p(1 - p) 4p(1—p)
L=142p  (2n—L—-1)((—1)+2p(2n — L —1)
2p 4p(1 —p)

(= 1)2n—L+1)+4p(n —L+1—p)
a 4p(1 - p) '
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O

From Theorem 4.1, we have Hy ! = Uy, Ry, ! Us,. Hence, the entries of H,,! can also be calculated
as follows. For 1 <14,j < 2(2n — 1), we have

. 1
H2n (laj) = 4np(1_p)><
n—i—1+2p)(j+1—2p) if1<j<i<2n-—1,iisodd,jis odd,
2n—14)(j +1—2p) if1<j<i<2n-—1,1iseven, jis odd,
2n —i— 1+ 2p)j if1<j<i<2n-—1,14isodd, jis even,
2n —1)j if1<j<i<2n—1,1iiseven, jis even,
2n—j—1+2p)(i+1-2p) ifl1<i<j<2n-—1,iisodd,jisodd,
2n—j — 14 2p)i if1<i<j<2n-—1,1iiseven,jis odd,
2n —j)(i +1—2p) if1<i<j<2n-—1,4iso0dd, j is even,
2n —j)i if1<i<j<2n-—1,1iseven,j is even,

2n—4An+i+2p)(dn—j—2p) if2n <j<i<2(2n—1),4is odd, j is odd,
n—4dn+i+1)(dn—j—2p) if2n<j<i<2(2n-1
m—Adn+i+2p)(dn—j—1) if2n<j<i<2(2n-1
2n—4dn+i+1)(4n—j—1) if 2n <j <i<2(2n—1), i is even, j is even,

(

(

(

(

),  is even, j is odd,
)
)
2n—4dn+ 75+ 2p)(dn—i—2p) if2n<i<j<2(2n—1),41is odd, j is odd,
)
)
)

, @ is odd, j is even,

M —dn+j+2p)An—i—1) if2m<i<j<22n-—1

m—4dn+j+1)(dn—i—2p) if2n<i<j<2(2n—1),4is odd, j is even,

2n—4n+j+1)dn—i—1) if2n <i < j<2(2n—1),1is even, j is even,
otherwise.

, @ is even, j is odd,

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

5. Weighted Cayley graph Cay(Zy, {+1. + 2})

We define a weight w((v;,v;)) on the weighted directed Cayley graph Cay(Zy, {+1,+2}) as follows:

p ifj—i=1,
w((vi,vy)) =qq ifj—i=2,
0 otherwise,

where i,j € Zand v; =i+ NZ € Zx.

Let hy(k,¢) denote the AHT from a vertex vi to a vertex v, on the weighted directed Cayley graph
Cay(Zy,{+1,+2}). Let h be the (N — 1)-dimensional column vector whose i-th entry is hx(0,4) for
1<i< N-—1, and let T be a column vector of proper dimensions whose entries are all 1.

On the weighted directed Cayley graph Cay(Zy, {+1,+2}), we can assume that a random walker

starts from vertex 0 without loss of generality. By definition, the walker moves with probability iq or piq

to an arbitrary vertex adjacent to the current vertex. Moreover, by the symmetry of Cay(Zy, {+1,+2}),
we have

hn(0,0) = hy(k,k+€) = hy(k+ N — 0,k) for all k,£ € Zy.

Note that hy(0,0) = 0. By the above properties, for any ¢ € Zy \ {0}, we have

h(0,0) = 1%(1(1 (1, 0) + ]%q(l +hn(2,0)),
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and hence V¢ € Zy \ {0},
(p+ @)hn(0,0) = phy(0,£ —1) = ghn (0, = 2) =p+gq.
We thus have tLapgay(ZN){+17+2})/_1’ = (p+q)I. Let Hy be the (N — 1) x (N — 1) matrix whose (i, j)-th
entry is tLapgay(ZN’{H’H})(i,j).
Then we obtain the matrix equation Hyh = (p+q)L.

Our goal is to obtain an exact formula for the AHTSs of random walks on Cay(Zy, {+1,+2}), so we
need to solve the above matrix equation.

5.1. Proof of main theorem

To determine the AHTSs, it suffices to solve the matrix equation H Nl_i =(p+9q) I. First, we utilize
LU decomposition to analyze the coefficient matrix Hy.

Definition 5.1 (LU decomposition). Let My denote the set of all N x N matrices over C. For A € My,
a factorization A = LU, where L € My is a lower triangular matriz and U € My is an upper triangular
matriz, is called an LU decomposition of A.

Let p+ ¢ =1, and let Py be the matrix

01 0 O 0
1 0 0 O 0
00 1 0 0
Py = )
0 0 0 1 0
0 0 0 0 1
Let Ly be the matrix
ro1 0 0 0 0 07
-1 1 0 0 0 0
*1];“’ —14+p—-p* 1 0 0 0
Ly:=| 0 p(-1+p) -—-p 1 0
0 0 —1+p —p 1
L 0 0 0 —1+4+p —p 1]
Then, its inverse Lf\,l is
i 1 0 0 0 0 0]
1 1 0 0 0 0
(pflp)zfl (p—1)°%—1
P P 1 0 0
(p=1)°—1 (p—1)*-1 (p—1)°-1
LR,l = = p—2 £ p—2 - p—2 1 0
(p=1)*—1 (p—1)°—1 (p=1%-1  (p=1)>-1 1
p—2 p—2 p—2 p—2
: : . ) ) .0
-1V 2-1 E-DVN'-1 (V31 (p=1)°-1 (p=1)°-1 4
L p—2 p—2 p—2 p—2 p—2 J
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Let Uy be the matrix

—p 1
1
0 3
0 0

Un:
N 00
10 0

Then, its inverse U ng is

1
P
0 p
0 0

Uy' =
0 0
10 0

Then we have the following.

Theorem 5.2. Hy = PNLyUy.

Proof. Let Sy denote the matrix Py LyUy.

calculated as

o
o

0 .
-1+p

o (=Dtoptd
I e

1 (p—D)N —p+1
p—2

(=11
p—2 J

(p—1)>—p+1 7

1=(p-1¥

0 (p—1)%—p+1
1-(p—1)¥

1 e e=Diopt
o I-(p-1N

(p—1)N —p+1
1-(p=1)N
p—2
(p—1)N—-1 |

o = O

By simple matrix computation, the entries of Sy can be

1 ifi=j#N-1,
—p ifi=j7j4+1,4<i<N-—-1,
—1+p ifi=742,3<i<N-1,
(Za.]) = (17N_ 1)7
Sx(i)={"p T i (i.5) = (3.2),
(<14 p)(—1+p - p?) 4 =Doptl if (i,4) = (3,N — 1),
— 47 —_ 5— . . .
pl-lap)? - M 4 et i (i) = (N - 1),
(—1+p) &= ”N SRt ple= Q,J%”fl + = ”pf;;“ ifj=N-1,5<i<N-2
(~14p) ol @l optl y oD Sl = = N -,
0 otherwise.
For the case where (i,7) = (1,2), we have
SN(Zu.j) =——+-=0
For the case where (i,7) = (3,2), we have
. —l4p  —l4p-—
Sn(iyj) = ———F 4 —— 2 = —p.
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For the case where (i,7) = (3, N — 1), we have

Sx () = (-1 ) (-1 4 p- ) 4 ETEPEL
=) =Y =2) oD opl
N p—2 p—2
_ =)@ =3p+2-( -2+ (P’ —3p°+3p—-1)— 1)
p—2

=0.

For the case where (i,7) = (4, N — 1), we have

)g_p((p—1)4—p+1) N (p—1)°—-p+1

Sn(i,j) =p(=1+p

p—2 p—2
_pp=12p=2)  —pp =D Hpp =D+ (p -1~ (p—1)
p—2 p—2
_pp=1(-2)—(p-D'+(-1)?
p—2

=0.

For the case where j = N — 1,5 <i < N — 2, we have

(p-1)""'-p+1  (p-1'—p+1 (p-1"*' —p+1

Sn(i,5) = (=1 +p) p— P P
_ =)' == -pp-D'+pp-D+-D" - (p-1)
p—2
_ - -1+ -1+ (-1
p—2
=0.

For the case where i = j = N — 1, we have

- p-D¥2-p+1  (p-D¥'-pt+l (p-1V-1
S = (-1 _

~(i,j) = (=1+p) — p - Ai—

_ =DM -2 —pp - DY 4 pp - D+ (p- DY -1
p—2

-V - -2+ )+ —p+ (p- DV 1
= o
=1.

Therefore, we have Sy = Hy. O
From Theorem 5.2, the matrix equation H ~h =1 can be expressed by the single matrix equation
[ hn(0,1) ] [1]

hn(0,2) 1

T _ _ —17—-1
h= hn(0,£) =Ux Ly 1
hn(0,N — 1)_ |1
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Solving this matrix equation, we obtain Theorem 2.2.

Proof. For the case where £ = 1, we have

Nl
hw(0,1) =1+ L=l S 0o
1=1
L p-12-pt+1  (p 1><1—<—1>N-1>_
SRl i vy 1wy ey N+1)
p—1 (p—1)N -1
:17(p—1)N—1( p—2 -V

_e=2(-D" - - -D(-D"-H+Np-1)p-2)
P=2)((p-1N -1
Ne—-D(-D'-1)—(p-D" 1)
(p=2)((p-DN -1 '

For the case where ¢ = 2, we have

hn(0,2) =14+ p+ LY _pHNZl
N\Y, p 1_ s

(b 1)° —p+i (< C 11— (p— DY)
P-90-p-DM'  1-G-D
L= D=1 -1 G-1" -1

=1+p+ ~N+1)

R [P ) R
_(+Hp-27 e-1H((-12-1) Ne-(r-1*-1)
(p—2) (p—2)? (r—2)((p—1N -1)
_+)P-27 p-D@-2) Ne-D(p-1)>-1)
- (p—2)? (p—2)2 (r—2)((p—-DN -1)
_t+He-2)—pp-1)  Ne-1(rp-1)?*-1)
(p—2) (r—2)((p—-1N -1)

Np-1((p-1*-1)=2((p-1)" 1)
(p=2)((p—-DN -1) '

(D=1 (p-D) —p 1S (p-1)i -1

hN(Og)_; -2 | 1-(p-DV ; p—2
__ 1 : oy (pP-D* —p+1 S 1y
_ 1 ((p—l)(l—(p—l)f)_g (p—l)“l—p+1((p—1)(1—(p—1)N‘1)
p—2 1-(p—1) L—(p—-1)N 1-(p—-1)
1 (p-D—p+1 (p—1D)* —p+1 (p-1)N —p+1
=53 p—2 TN ( p—2 —N+D)

1 (p—D"*' —p+1 (p-1) " —p+1,(p—-1N -1

T p-2 p—2 TN V)

_Ne-D(p-)' -1 -Up-)V -1)
(p=2)((p-1N 1) '

- N+1))
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For the case where £ = N — 1, we have

N-1

) —1)i—1
h“QN‘”:@fBN—lz:@pjz
_ 1 p-D0-(-D""H
VI LN L gy N+1)

_—Np-2)+(@-1)V -1
o -2(-1N -1
_N(-DV-p+1)-N(-D¥ -1+ (p-HV -1
(p—=2)((p—1N =1)
Np-D)((@-D""'-1) - (N-1)((p-1)N -1)
(r—=2)((p—-1N-1) '

O

From Theorem 5.2, we have H&l = U&leVlPJQI, and so the entries of H;,l can also be calculated
as follows. For 1 <i,57 < N — 1, we have

1. . 1

Hy ) = v — 1)
(p—2)? ifi=j=1
p—2)((p—1)N —plp— )Nt +p? —p—1) ifi=j=2,
—p=2)((p—DNt—p+1) if (4,7) = (1,2),
p(p — 2)° if (i,5) = (2,1),
—-p=2((p—)N T —p+1) ifi=1,3<j<N-1,
—p(p—2)((p— NI —p+1) ifi=23<j<N-1,
(P-2(p-1)7-1) if3<i<N-2 j=1,
p=2)plp-1)""=(@-DN'-1) f3<i<N-2 j=2,
—((p—1) =) ((p— )N —p+1) if3<i<j<N-1,
P=2((p-1) -+ (-7 =1)((p-1DN = (p—1)") f3<j<i<N-2,
(p—2)((p—1)N_j—1) ifi=N—-1.

6. Application: Effective resistance and Kirchhoff index

The effective resistance between a pair of vertices u and v of a weighted graph G = (V, E) is the
electrical resistance seen between the vertices © and v of a resistor network with branch conductances
given by the edge weights, denoted by r(G;u, v).

In 1996, Chandra et al. [1] proved the following formula relating the effective resistances and the
AHTs.

Theorem 6.1 (Chandra et al., 1996 [1]).
h(G;u,v) + h(G;v,u)

r(Guv) = Yagevxy w((@:9))

Let V = {v1,v2,...,u,}. The Kirchhoff index Kf(G) of the graph G is defined as Kf(G) :=
% Zu,vEV T(G7 U, U).
We can obtain the following theorems.
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Theorem 6.2. We define a weight w({v;,v;}) on the weighted undirected Cayley graph Cay(Zap,{+1})
as follows:

p ifj—i=1,1 is even,
w{vi,v;}) =<q ifj—i=1,1iis odd,
0 otherwise,
where 1,7 € Z and v; =1 + 2nZ € Loy,
Then,
nn—1)(n+1) + 3np(1 —p)
3p(1 —p) '

Kf(Cay(Zan, {£1})) =

Proof.
Kf(Cay(Zan, {£1}))
= Z T(Ca}’(Z2nv{i1});vi’Uj)
0<i<j<2n-—-1
> h(Cay(Zan, {£1});1,5) + h(Cay(Zan, {£1}); 5,1)
0<i<j<2n—1 2osk.e<an—1 WV, v0))
LYY h(Cay(Zan, {£1))50,)

2n
0<i<2n—10<j<2n—1

l\')"_l
/_\|

2n—1 2n—1
Z h(Cay(Zan, {£1});0,€) + n Y h(Cay(Zaon, {£1});1,£ + 1))
(=1

Cay Z2n7{i1} O 2£ Z Cay Z27L7{:|:1}) O 2€+ 1)
=0

HMI

n—1

+ Z h(Cay (Zan, {£1}):1,20) + > h(Cay(Zagn, {£1}); 1,20 + 1))

/=1 (=1

ZQ( (2n — 20) +"_ (202n— 20+ 1)+ 1) +4(1 —p)(n— (20 +1) +p))
£=0

n n—1
+ ((20-2)(2n— (20— 1)+ 1) +4p(n— (20— 1) + 1 —p)) + > _ 2((2n — 20))

=1 =1

1 n—1 n—1

= m(sge(%@ + %(4@(%@72(1 —p) +4(1 —p)(n—1+0p))

n

+3 (4l(n—£+2(1—p)) —4(n+1) +4p(n +2 — p))

(=1
N R o IR P e
—2p(1_p)(4;€( 0 ;(2;9 4p +2) + 2n(1 - p))
1 2 nn—1)2n—-1) 5
p(l—p)(n (n=1) - —n(p®—=2p+1)+n(l—-p)
n(n—l)(n+1)+3np(1—p).

3p(1 —p)
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Remark 6.3. For an unweighted graph, the transition probabilities to the adjacent vertices are equal,
which corresponds to setting p = % in our weighted model. However, we must account for the difference
in the scaling of the graph weights. In an unweighted graph, the total sum of the weights is 4n, whereas
our weighted model is normalized such that the total sum of the transition probabilities (weights) is 2n. By
adjusting our formula evaluated at p = % with a factor of% to correct this scaling difference, it coincides
ezactly with the unweighted Kirchhoff indez of the cycle graph Csy,.

Theorem 6.4. We define a weight w((v;,v;)) on the weighted Cayley graph Cay(Zy,{+1,+2}) as fol-
lows:
w((vi,v;)) = Q¢ ifj—i=2,

0 otherwise,

where 1,7 € Z andv; =1+ NZ € Zn .

Then,
Kf(Cay(Zn, {+1,42})) =
Np-1)"Bp—4-N(p—-2)) - (N-1)(p—2)(2p — 3) — 3p + 4]
20 -2 ((p- DN - 1) '
Proof.

Kf(Cay(Zn, {+1,+2}))
= > r(Cay(Zy,{+1,+2});v;,v;)

0<i<j<N-1

_ h(Cay(Zn, {+1,+2});4,j) + h(Cay(Zn, {+1,+2}); j, i)
0<i<j<N-—1 Zogk,ngq w((vg, ve))

L N
0<i<j<N-1
] Nl N—1

= N(;(N — Oh(Cay(Zy, {+1,+2}); 0,£) + ; (h(Cay(Zy, {+1,42});0,0))
N-1

h(caY(ZNv {+17 +2})’ 07 6)

I
g

_ N Ne-D(e-) - - U@ - -1
st (p—2)((p— 1N —1)

1 N-1 N—-1 N—-1

_ 4 N

- (p—Q)((p—l)N—l) (N(pl)(Zl(pl) - — 1)7((1771) 71) — €>

_ 1 oy =D - (-1 N NIV

~ DDV 1) (N(p D16 1) N+l = (=07 == )
N

TEPICEEDE
2p -1 -2(N-1D2-p)p—-D+(N-1D2-p)+(p-D"(N(p—2) —3p+4)
2(2—-p)
N[p—1)NBp—4—N(p—2))— (N —1)(p—2)(2p — 3) — 3p+ 4]
2(p—2%((p— 1N —1) '
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O

Remark 6.5. For an unweighted graph, the transition probabilities to the adjacent vertices are equal,
which corresponds to setting p = % in our weighted model. We must account for the difference in the
scaling of the graph weights. In an unweighted graph, the total sum of the weights is 2N, whereas our
weighted model is normalized such that the total sum of the transition probabilities (weights) is N. By

adjusting our formula evaluated at p = % with a factor of% to correct this scaling difference, we find that

it coincides exactly with the unweighted Kirchhoff index.

Using the same approach, we can also obtain the weighted Kirchhoff index [9] and the degree Kirchhoff
index [3, 11]. The resulting formulas coincide exactly with those presented above.

7. Conclusion

In this paper, we derived exact formulas for the average hitting times (AHTS) of random walks on
certain weighted Cayley graphs, specifically the undirected graph Cay(Za,, {£1}) and the directed graph
Cay(Zy,{+1,42}). By employing matrix equations and matrix decompositions, we provided concise
and fully combinatorial proofs that do not require any spectral graph theoretical arguments. Notably,
for the directed case, we developed a novel method combining the Laplacian matrix approach with LU
decomposition. Furthermore, as an important application of these main theorems, we utilized the AHT
formulas to establish exact formulas for the Kirchhoff index of these weighted Cayley graphs.
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