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Abstract: The concept of a supercharacter theory for a finite group was introduced in 2008 by Diaconis and
Tasaacs in [6]. In their article the notion of irreducible characters and conjugacy classes is generalized
to superchacters and superclasses while still maintaining important information about the group.
This article continues an investigation of a specific supercharacter theory where the supercharacters
are taken to be sums of irreducible characters of the same degree. We show this supercharacter theory
construction can be done for all projective special linear groups PSL(2, q) and all special orthogonal
groups SO(3, q) where ¢ is any power of an (even or odd) prime.
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1. Introduction

Let ¢ denote a power of a prime and let F, denote the field of order g. Let UT(n,q) denote the set
of all n by n upper-triangular unipotent matrices with entries in F,. The notion of what later evolved
into supercharacter theory was first introduced by C. André in [2], [3], [4] and by N. Yan in [14] as an
approach to better understand the representation theory of UT(n,q). P. Diaconis and I.M Isaacs in [6]
then generalized this concept to all finite groups. A supercharacter theory of a group can be used to
handle many interesting problems in character theory, without needing to know the full character table
of the group.

Let G denote a finite group. Let G denote the irreducible characters of G. Let Xo denote the trivial
character of G and let 14 denote the identity element in G. Let x(G) denote a partition of the conjugacy
classes of G that does not contain the empty set. Let Ch(G) denote a partition of the irreducible
characters of G that does not contain the empty set. The pair (Ch(G), k(G)) is called a supercharacter
theory for G if the following conditions hold.

1. |Ch(G)| = |k(G)].
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2. {xo} € Ch(G) and {1¢} € k(G).

3. Given any X € Ch(G), the character ox = > .y x(1)x is constant on each set in the partition
k(G).

Given a supercharacter theory the characters ox = Zx cx X(1)x will be called the supercharacters and
the sets in k(G) will be called the superclasses. We can construct the supercharacter theory table with
rows the ox such that X € Ch(G), columns the sets in x(G) and entries the values of the ox on each
set in k(G).

One approach in investigating supercharacter theories is to fix a family of groups and determine all
the supercharacter theories this family contains. For example M.L. Lewis and C. Wynn in [10] describe the
supercharacter theories of semiextraspecial p-groups and of Frobenius groups. S. Andrew in [5] describes
the supercharacters theories of groups that are semidirect products with abelian normal subgroups. As
another example, Hendrickson in [8] provides methods to classify all supercharacter theories of cyclic
groups.

Instead of fixing the group and then determining which supercharacter theories it possesses, we
alternatively could determine an algorithm for constructing the partition of irreducible characters and
then determine for which groups there is a partitioning of the conjugacy classes where this creates a
supercharacter theory. By Theorem 2.2 in [6] the partitions Ch(G) and k(G), in a supercharacter theory
(Ch(G), k(Q)), uniquely determine each other. Thus there will be at most one supercharacter theory that
can be constructed when using a fixed algorithm for constructing the partition of irreducible characters
of a group.

Given a fixed finite group G, let D denote the set of degrees of irreducible characters of G. For
d € D, xq will denote a nontrivial irreducible character of G of degree d. If G has more than one
nontrivial irreducible character of degree d, we will order these characters and use the notation xg4,; to
denote the ith nontrivial irreducible character of degree d. The sum of all nontrivial irreducible characters
of G of degree d will be denoted ¥ . (If there is only one character of degree d then ¥, = y4.) We will
continue to denote the trivial character of G by x¢. Given d € D, let X; denote the set of all nontrivial
characters of G of degree d. Let Ch(G) = {{xo0}, Xa | d € D}. If a supercharacter theory exist for a
given group G using this partition Ch(G), we will call it the superdegree theory for G. Note that for this
partitioning of the irreducible characters of G we have, for each X € Ch(G), that x(1) is constant in the
sum ox = ZXeX X(1)x. Thus each ox is a multiple of ¥, for some d € D. Thus we will slightly abuse
terminology and call ¥, a superdegree character for G, even when this construction does not necessarily
produce a supercharacter theory.

Note all abelian groups have a superdegree theory with supercharacter table as in Table 1. Here pg

Table 1. Superdegree table for abelian groups

| {13 {6-{}

lo| 1 1
pc||Gl -1 -1

denotes the regular character of G. Note also, when trying to construct a superdegree theory, it is enough
to check condition 1 of the definition of as supercharacter theory holds if we force one of the superclasses
to be {1g}.

Superdegree theory was first investigated in [11] where it is shown groups that have at most seven
conjugacy classes have a superdegree theory. Also in [11] it is shown that semidirect products C,, x Cy,
where m or n is prime have a superdegree theory. The article [12] describes which Frobenius groups have
a superdegree theory.
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It is straightforward to check (for example in [7]) that most families of groups do not have a superde-
gree theory. After some background material in the following section, we demonstrate in Section 3 two
families of groups that do have a superdegree theory. Specifically Section 3 is a proof of the following
proposition.

Proposition 1.1. The following families of groups have a superdegree theory for q a power of any prime.
1) The projective special linear groups PSL(2,q)
2) The special orthogonal groups SO(3,q).

Section 3 also presents the superdegree character tables of PSL(2,q) and SO(3,q). We will need to
split ¢ into the cases where ¢ = 1 mod 4, ¢ = 3 mod 4 and ¢ even in order to construct the superdegree
character tables of PSL(2,q) and SO(3,q). Section 4 then demonstrates that when we increase the
dimension, PSL(3,q) and SO(5, ¢) do not in general have a superdegree theory.

2. Background and notation

Let E = {z € F,2 | 297! = 1}. Let n be the unique nontrivial irreducible character of ]?‘2 such that
n? = 1 and let 7/ be the unique nontrivial irreducible character of E such that (/)2 = 1. Let 7, for

1<n< ‘12;1 denote the irreducible characters in F*q% given by n,(x) = z™ for x a q;zl root of unity.

Let i}, for 1 < m < (g+1) denote the irreducible characters in E given by . (y) = y™ for y a g+ 1 root
of unity. Choose A so that § = v/A is a primitive ¢ 4+ 1 root of unity where Fp =F,9).

In exhibiting the superdegree character theory of several families of finite groups, we will make
frequent use of the following two lemmas.

Lemma 2.1. Let ¢ be a primitive 20 root of unity for some positive integer £ and fix a positive integer
j. Then

—2 if j is even °

ez:l(cjm+g_jm):{ 0 ifj is odd

m=1

Proof. Note that (7™ = ((~™)7 = (¢?=™)J. As m ranges from 1 to £ — 1 we have that 2/ —m ranges
from 20 —1,2¢ —2,...,2¢ — (£ — 1). That is, 2¢ — m ranges from ¢+ 1 up to 2¢ — 1. Thus

£—1 ] . £—1 . 20—1 ] 20 ) ) )
DETHCTIM =Y D I = (YO =
m=1 m=1 m=~+1 m=1

Since ( is a primitive 2¢ root of unity, Zfrle (™ =0and ¢* =1 and ¢! = —1. Thus

-1
; i ; 0 if j is odd
jm imy g —1—(—1) =

Z_II(C +¢ )=0-1-(-1) _{—2 if j is even °

O

Lemma 2.2. Let ¢ be a primitive 20+ 1 root of unity for some positive integer £. Then for a fix positive
integer j we have

£
D@m= -1

m=1
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Proof. Note that (™9™ = ((*™)7 = (¢#*+1=™)J. As m ranges from 1 to ¢ we have that 2¢ +1 —m
ranges from 24,20 —1,...,20+ 1 — ¢. That is, 2 + 1 — m ranges from ¢ + 1 up to 2¢. Thus

¢ ¢ 2/ 20+1
SO+ = Y Om e 3 = (3 o) - e,
m=1 m=1 m=¢+1 m=1

Since ( is a primitive 2¢ + 1 root of unity, Zfrfii ¢9™ =0 and ¢%*! = 1. Thus anzl(@m +¢7Im)
—1.

Ol

3. Families of groups that have a superdegree theory

3.1. PSL(2,q) for q congruent to 1 mod 4

The generic character tables for PSL(2,q) for ¢ odd is presented in [9]. A version of this table
with more modern notation can be found at [1]. Using a mixture of the notation presented in these two
citations, there is an ordering of the conjugacy classes of PSL(2,q) for ¢ = 1 mod 4, so that its generic

character table is the % by % Table 2. Here t is a primitive %1 root of unity, r is a primitive q%l

Table 2. Character table of PSL(2,q) for ¢ =1 mod 4

‘ I Ay Ao Bj Ch D
Yo 11 1 1 1 1
Xqg—1,m |g—1 -1 S A A 0 0
Xq q 0 0 -1 1 1
Xq+i,m |g+1 1 1 0 PR 4k 200 (v/—1)
Xty | G 2 =0 0 n(r*)  n(v=1)
X(atny/2] G 2 A 0 n(r*)  n(vV=1)

root of unity, 1 < j,m < % and 1 < n,k < %5. The character i of F;‘ and characters 7, of F%_, are
2

as described in Section 2 above. (When ¢ = 5 there are no irreducible characters of degree ¢ + 1 and

there are no conjugacy classes Cy.)

In order to construct the superdegree theory we need to add together the characters of degree ¢ — 1,

those of degree ¢ + 1, and the two characters of degree %1.

Using that ¢ — 1 = 0 mod 4, we have ¢ — 1 = 4¢ for some positive integer . Thus ¢+ 1 = 4¢ + 2 and
thus %1 = 2/ + 1. Note that then %1 = % = (. Thus we have by Lemma 2.2 that

g—1
4

(M) = 1

m=1

Thus when adding the characters of the degree ¢ — 1 into a single supercharacter ¥,_; and taking the
union of all conjugacy classes B; to obtain the single superclass B = U;B; we get Table 3.

Note since ¢ = 1 mod 4 we have that 4 divides ¢ — 1. That is q—;l is even. Let 20 = ‘I;Ql in Lemma
2.1. Then %5 = #4—4 =/{—1. Thus

s

q—

’P‘

(Tnkwnk)_{ 0 if kis odd

—2 if kiseven °

3
Il
_
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Table 3. Building a superdegree table for PSL(2,q) for ¢ =1 mod 4, Part 1

| T Ar Ay B Ch D
Xo 1 1 1 1 1 1
\I/q—l (0—41)2 —(Q4—1) —(Q4—1) 1 0 0
Xq q 0 0 -1 1 1
Xgtin | q+1 1 1 0 7™ 4% 29, (/1)
X(at1)/21| G+ 12‘/& Fﬁ 0 7" n(v—1)
Xgino| B 2 B 00 ) n(v-1)

Furthermore as n € ]f; is the unique nontrivial degree one character such that n? = 1, we have that
n(r) = —1 and thus

(rk) = —1 if k is odd
n B 1 ifkiseven °

Let Coqq = UC} for k odd and let C' = UC}, for k even. Then adding the characters of degree ¢ + 1
together we can take Cygq and Ceyen as superclasses. In addition add the two characters of degree %
and note that we can then take A = A; U A, as a superclass, giving us Table 4.

Table 4. Building a superdegree table for PSL(2,q) for ¢ =1 mod 4, Part 2

I A B Codd Ce'uen
X0 L
U, (q,41) —=H 1 0

4
Yo 7 0 -1 1 1 1
Woyy [@HDE=D) a5 o o 2 23 p.(voT)

D
1 1 1 1 1
— 0
Vigtny,2| q+1 1 0 -2 2 2n(v/—1)

Note that n(—1) = (—1)*= and thus (v/—1) = (—1)*F . Thus

n(ﬁ)={_1 if 41 is odd

1 if %1 is even

Finally note that

q—5
£ . -5 . . 1.
2Znn(\/jl) = 22(—1)” = { 0 lf qT 1s even — { 0 lf qT 18 Odd
n n=1

—2 if 422 is odd —2 if <% is even

)
|
—

Thus the column labeled with conjugacy class D is the same as the column labeled by C,qq when is
odd otherwise column D is the same as column Ceyen. Let C' = Cogq U D and C” = Ceyen, when = is

odd. Let C' = Cogq and C" = Cppep, U D when 97 is even.
Thus the superdegree character table of PSL(2,q) for ¢ =1 mod 4 is the 5 by 5 Table 5.

'S
—

When ¢ = 5 the 4 by 4 superdegree table is Table 5 with the supercharacter ¥, removed, the
superclass C” removed, and the superclass C' = D.
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Table 5. The superdegree table of PSL(2,q) for ¢ =1 mod 4

1 A BCC”

X0 1 1 1 1 1
U, (0—41)2 —(114—1) 10 0
Xq q 0o -11 1
U, (q+1i4(q*5) % 00 -2
\1/<q+1)/2 q+1 1 0 -2 2

3.2. PSL(2,q) for q congruent to 3 mod 4

We again refer to the generic character tables for PSL(2, q) for ¢ odd presented in [9] and [1]. Again
using a merger of the presentation of the generic character tables from these citations, there is an ordering
of the conjugacy classes of PSL(2,q) for ¢ = 3 mod 4, so that its generic character table is Table 6. Here

Table 6. Character table of PSL(2,q) for ¢ =3 mod 4

i 1 Al A2 Bj Ck D
X0 1 1 1 1 1 1
Xq—1,m |q—1 -1 -1 tmI — g™ 0 -2, (6)

Xq q 0 0 -1 1 -1
Xatin |g+1 1 1 0 gm0

X(g—1)/2,1 % 7?2\/:] 7172\/:1 *nl(t]_) 0 —n'(9)

X(q—1)/2,2 % — 72\/:1 - +2\/jq —n' (") 0 —1'(9)

t is a primitive q42- root of unity, 7 is a primitive < T root of unity and 1 < m,n, 5,k < =, When q = 3

that are no irreducible characters of degree ¢ — 1 or of degree ¢ + 1. (For ¢ = 3 mod 4 there are two
typographic errors in [1]. The corrections are the value of x, on the conjugacy D is -1 and the number

of conjugacy classes B; is %.)

Taking ¢ — 3 = 4(¢ — 1) for some positive integer £ > 1, we have ¢ + 1 =4¢. So %1 is even. Thus

we can take 20 = ﬂ in Lemma 2.1 so that > = ¢ — 1; giving us

th’”+t my 1 0 ifjis odd
— —2 if j is even

Also, as i’ € E is the unique nontrivial degree one character such that (1/)2 = 1, we have that /(t) = —1
and thus

; —1 if j is odd
(43 —
77(75)—{1 if j is even

Thus when we sum all the characters of degree ¢ — 1 to form a single supercharacter and also sum
the two characters of degree q;—l together, we can create two superclasses B,qq = UB;, for j odd, and
Beyen = UBj, for j even; and we can combine the conjugacy classes A; and A, into a single superclass,
A, giving us Table 7.
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Table 7. Building a superdegree table for PSL(2,q) for ¢ =3 mod 4

‘ 1 A Bodd Beven Ck D
X0 1 1 1 1 1 1
\I/q—l (q_ll(q_:” —(44—3) 0 9 0 _9 Zm n;n((;)
Xq q 0 -1 -1 1 -1
Xgtin | q+1 1 0 0 Rk 0
\Il(q—l)/Q q— 1 -1 2 -2 0 —277/((5)

Since ¢ — 3 = 4¢ for some positive integer ¢, we have ¢ — 1 = 4¢ + 2 and thus %2 is odd. So we can

2
take 20 4+ 1 = q;—l in Lemma 2.2 and then % = ¢ and thus

q—3

4

Z,’,nk + T—nk = 1.

n=1
Thus adding all the characters of degree ¢ 4+ 1 allows us to form a single superclass C = Ui Cy.

Note that n'(A) = (—1)%1 and thus 7' (8) = (—1)%. Thus

oo J 2 if Plisodd
2 (0) = { -2 if%lis even

Finally note that

q—3

1 rg—3 . RS
B , o oym _ JOif S iseven [ 0 if T is odd
QZm M (0) = 22( 1) _{Zif’usisodd a Zif%iseven'

m=1

+
—

Thus the column labeled with conjugacy class D is the same as the column labeled by B,qq when = is
odd otherwise column D is the same as column B,qq. Let B’ = Bygq U D and B” = Beyen when

odd. Let B’ = Bogq and B” = Beyen, U D when 2t is even.
Thus the superdegree character table of PSL(2,q) for ¢ = 3 mod 4 is Table 8.

is

£
INEENN
=

Table 8. The superdegree table of PSL(2,q) for ¢ = 3 mod 4

‘ I A B B" C

Xo 1 1 1 1 1
W, (q—la(q—f’)) —(Q4—3) 0 2 0
Xq q 0o -1 -11
U, (Q+1§Q*3) ? 0 0 -1
Wig—1)/2 qg—1 -1 2 2 0

Since, when ¢ = 3 that are no irreducible characters of degree ¢—1 or of degree ¢+ 1, the superdegree
character table when ¢ = 3 is 3 by 3 as there is no superclass C' or B” and superclass B’ = D.

The case were G = PSL(2,q) where ¢ is even will be considered in the next section.
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3.3. SO(3,q) for q even

In this subsection we assume ¢ is a power of 2 and construct the superdegree theory of the group
SO(3,q). For the remainder of this article, we will use the notation (,, to denote a fixed primitive nth
root of unity.

The generic character table of SO(3,q) for g even can be found in [13]. There is an ordering of the
conjugacy classes so that this character table is Table 9 with some notational changes from [13|. Here

Table 9. Character table of SO(3,q) for g even

‘ I A B; C

X0 1 1 1 1

Xq g O 1 -1
Xa-tnlg—=1-1 0 (G + ()

Xg+1,m|q+1 1 Cc];Tl + ;—];n 0

1§m,j§%(q—2)andl§n,k§%.

In order to construct the superdegree character theory for SO(3, ¢) we will need to sum together the
characters of degree ¢ — 1 and the characters of degree ¢ + 1.

Lemma 3.1. Forlﬁjﬁ%(q—Q) and 1 <k <4

NS

q—2
2
jm —Jjm kn
Z C(;—l + Cq—Jl =—1and Z _< (];?1 + Cq-i-({) =1
m=1 n=1

Proof. Since ¢ is even both ¢—1 and ¢+ 1 are odd. First let 2+1=¢—1. Then ¢ = q;zz and the first
summation follows from Lemma 2.2. Next take 2 +1 = ¢+ 1. Then £ =  and then second summation
follows again from Lemma 2.2, noting that when ¢ has order ¢ + 1 then (! = (4. O

Thus we can combine all the conjugacy classes B; into a single superclass B and we can combine
all the conjugacy classes C}, into a single superclass C. Thus summing together the characters of degree
g — 1 and the characters of degree ¢ + 1 we get the superdegree character table for SO(3,q) (g even) is
Table 10. In this table, B = UB;,C = UC%. (When ¢ = 2 there are no irreducible characters of degree

Table 10. The superdegree table of SO(3,q) for ¢ even

‘ I A BC

X0 1 1 11
Xq q 0 1-1
P @ _% 01
Vo1 (Q+1)2(Q*2) %2 10

q + 1 and the superclass B is removed.) Thus SO(3,q) for g even has a superdegree theory.

When ¢ is a power of 2, we have that SO(3,q) = SL(2,q) = PSL(2,q) & PGL(2,q). Thus combining
the results in Subsections 3.1, 3.2, and 3.3, we have PSL(2,q) has a superdegree theory for any ¢q. More
generally, we have PGL(n,q) 2 SL(n,q) = PSL(n,q) when the greatest common divisor of n and ¢ — 1
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equals 1. Thus SL(2,q) has a superdegree theory if ged(2,q — 1) = 1. However it is not the case that
SL(2,q) will always have a superdegree theory. For example consider the group SL(2,5). There is an
ordering of the conjugacy classes of SL(2,5) so that its character table is Table 11 [7].

Table 11. Character table of SL(2,5)

\I Co Cs3 Cy Cs Cs C7 Cs Co
xo |1 1 1 1 1 1 1 11
Xo1|2 158 Y5 9 =B I2Vs g
x2.2|2 1+2\/5 1—2\/5 2 —1;\/5 —145\/5 11 0
X3.1 3 1+2\/5 172\/5 3 1+2\/3 172\/5 0 0 -1
X3,2 3 1—2\/5 1+2\/5 3 1—2\/5 1+2\/5 0 0 -1
x4,114 -1 -1 4 -1 -1 1 1 0
x4,2(4 1 1 4 -1 -1 1 -1 0
x5 |5 0 0 5 0 0 -1 -1 1
X6 |6 -1 -1 -6 1 1 0 0 0

Adding the characters of like degree in an attempt to form the superdegree character table we obtain
Table 12. Thus there are six superdegree characters. Note there are seven distinct columns in Table 12

Table 12. The superdegree characters of SL(2,5)

‘[ 02 03 C4 C5 06 07 CS C19
xofl1 1 1 1 1 1 1 1 1

Upld 1 1 4-1-1-22 0
U361 1 6 1 1 0 0 -2
T80 0 0222 0 0
xs/5 0 0 5 0 0 -1 -1 1
6|6 -1 -1 61 1 0 0 0

as columns Cy and (5 are the same and columns Cy and Cg are the same. Thus the minimum number
of superclasses is seven. Thus SL(2,5) does not have a superdegree theory.

3.4. SO(3,q) for q odd

Now let ¢ be a power of an odd prime number. The generic character table of SO(3,q) for ¢ odd
can be found in [13]. There are two typographical errors in [13]: the number of characters of degree ¢ — 1
is q;—l not %1 and the number of characters of degree ¢ + 1 is ‘12;‘3 not %1. There is an order of the

conjugacy classes of SO(3,¢q) so that the generic character table is Table 13. Here 1 < m < %(q —3) and
1<n,j<i(g—1)and1<k<i(g+1).

In order to construct the superdegree character theory for SO(3,¢q) for ¢ odd, we will need to sum
together the characters of degree ¢ — 1, the characters of degree ¢+ 1, and the two characters of degree q.

Lemma 3.2. Fiz integers j, k such that 1 < j < qg—l and 1 <k < %. Then
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Table 13. Character table of SO(3,q) for ¢ odd

‘ I A B;j C
Yo 11 1 1
x| 11 (=1 (1"
Xei | @ O 1 1
Xe2 | @ 0  (=1) (—1)*+t
Xo-tm|g—1-1 0 =M +¢TD
Xg+1,m|q+1 1 C;Tl + q_—qn 0

q—3
2 . ..
. im —im 0 if 7 is odd
2 : J jm _
(@) — Gt G = { —2 if j is even

and
q%l
N gy _ [0 i j s odd
(i) Zl (Ca¥1 + 1) = { 2 if j is even -

— 1. Then &2 = ¢ — 1 and thus (i) follows from Lemma 2.1.

Proof. Since q — 1 is even, let 2/ 5
= ¢ — 1 so (ii) also follows from Lemma 2.1. O

Sl
=

Similarly, letting 2¢ = ¢ + 1 we have

® ‘

Thus, using also that (—1)¢ 4 1 is zero when £ is odd and is 2 when £ is even, we get Table 14 when
characters of the same degree are added together.

Table 14. The superdegree characters of SO(3,q) for ¢ odd

B B; Cy Ch

1 A j oéd j even & o?id & even
X0 1 1 1 1 1 1
X1 1 1 -1 1 -1 1
v, 2q 1 0 2 0 -2
R I 0 0 2
e e N B

Combine all the conjugacy class B; when j is even into single superclass and all the conjugacy classes
C}, when k is even into a single superclass. In addition, we can combine all the conjugacy classes B; and
Cy, when j, k are both odd into a single superclass, as these columns of Table 14 are equal. Thus we get
the 5 by 5 superdegree character table, Table 15, for SO(3,q) when ¢ is odd. (When ¢ = 3 there are no
irreducible characters of degree ¢ + 1 and the column UB;, for j even, is removed.)

Combining the results of Subsections 3.1, 3.2, 3.3, and 3.4, we have the families SO(3,q) and
PSL(2,q) have a superdegree theory for any q.
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Table 15. The superdegree table of SO(3,q) for g odd

B;UCYy, UB; uC
‘ I A j,kJ odd j even &k ev’én
X0 1 1 1 1 1
X1 1 1 -1 1 1
v, 2¢q 0 0 2 -2
2

U, 1 <q;1> _ (q;) 0 0 9
W1 W ‘%3 0 -2 0

4. Extending to higher dimensions

It is natural to wonder at this point, if we can increase the dimensions of any of the families considered
in Section 3, will we still have a superdegree theory.

First consider PSL(3,q) where ¢ is odd. There is an ordering of the conjugacy classes of PSL(3,3)
so that its character table is Table 16 [7]. Here A = (% + (03 + (%5, B = (13 + 5+ (5, C = (T3 + ¢+ (4

Table 16. Character table of PSL(3,3)

‘ I Cy C3 Cy Cs Cg C7 Cs Cog Cho Cii Cr2
xo |1 1 1 1 1 1 1 1 1 1 1 1
121123 0 -1 -1 <1 -1 4 1 0 0 0
xz|134 1000 0-30 -1 -1 1
x161l162 1 ABCDO O 0 0 0
X16,2 16 -2 1 C D A B 0 0 0 0 0
x163(16 -2 1 D A B C 0 0 0 0 0
Xx16,4(16 -2 1 B C D A 0 0 0 0 0
X26,1126 -1 -1 0 0 0O 0 2 -1 0 0 2
X262]26 -1 -1 0 0 0 0 2 1 —v/=2 V=2 0
X26,3(26 -1 -1 0 0 O 0 -2 1 v—2 V=2 0
xe7 |27 0 0 1 1 1 1 3 O -1 -1 -1
x39 39 3 0 0 0 0 0 -1 -1 1 1 -1

and D = (ly + (i + (13 -

Adding the characters of like degree in an attempt to form the superdegree character table we obtain
Table 17. Thus there are seven superdegree characters. There are eight distinct columns in Table 17 and
thus the minimum number of superclasses is eight. Thus PSL(3,3) does not have a superdegree theory.

We have PGL(3,3) = SL(3,3) =& PSL(3,3) since ged(3,3 — 1) = 1. Thus the families PSL(3, q),
PGL(3,q) and SL(3,q) for ¢ odd do not in general have a superdegree character theory. Thus the results
of Subsections 3.1 and 3.2 do not extend to higher dimensions.

We also have that the results of Subsection 3.3 do not extend to PSL(3,q), PGL(3,q) or SL(3,q)
when ¢ is even. This can be shown by looking at a portion of the character table of PSL(3,8) (which
is isomorphic to PGL(3,8) and SL(3,8) since ged(3,8 — 1) = 1). PSL(3,8) has seventy-two irreducible
characters and these characters come in eight different degrees, only one (the trivial character) of which
is of degree one. So PSL(3,8) has eight superdegree characters. There is one irreducible character of
degree 72 and six different irreducible characters of degree 73. There is an ordering of the conjugacy
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Table 17. The superdegree characters of PSL(3,3)

‘I Cy C3 Cy C5 Cs C7 Cg Cy Cio Ci1 Cr2

Yol 1 11 1 1 1 1 1 1 1 1
xi2/123 0 -1 -1 -1 -1 4 1 0 0 0
xi5/134 1.0 0 0 0 -3 0 -1 -1 1
U6l64 -8 4 -1 -1 -1 -1 0 0 0 0 O
Up|78 -3 -3 00 0 0 -2 1 0 0 2
x27|270 01 1 1 1 3 0 -1 -1 -1
X39(39 3 00 0 0 0 -1-1 1 1 -1

classes so that these rows of the character table are as in Table 18 [7]. Here 1 <r < 6,1 <i <241 <

Table 18. The degree 72 and 73 irreducible characters of PSL(3,8)

‘IABCZDJ Ej Fk Gz Hl Jm

x72 |72 8 0 -1 9 1 0 O 2 2
X73,r 73910 ‘/j,'r Wj,r 1 Xi,T }/l,'r Zm,'r

J<6,1<k<4,1<I<3and1<m <2 and the entries V; ., W; ., X;,,Y;, and Z,, , will be described
below.

Each Vj, is an element in {¢2 + 9¢Z, (2 +9¢2, (8 +9¢7, (7 + 9¢2, 2 4 9¢7, ¢z + 9¢3} and as r ranges
from 1 to 6, V}, obtains each element in this set. Thus

6 6
S Vie=>9G+Y ¢ =-10.
T r=1 r=1

Furthermore, each Wj . is an element in {¢z + (3, + G, GE + G, G+ 8, ¢+ 2,3+ (8} and as r
ranges from 1 to 6, W; , obtains each element in this set. Thus

6
S Wir=2) G =-2
T r=1

The elements X, ,. come from the set {(7, (%, (3, (2,2, (8} and as r ranges from 1 to 6, X, obtains
each element in this set. Thus ZT Xir=—-1

The elements Y, come from the set {—(7; — (2 — (2 — (8, G — G —¢F = (8, -2 -3¢ -}
and as r ranges from 1 to 6, Y;, obtains each element in this set twice. Thus

6
D Yie=2) 27 =4
T r=1

Finally each Z,, , is %ﬁ and as r ranges from 1 to 6, Z,, , obtains each of these two elements
three times. Thus ), Z,,, = —3.

Thus summing all the characters of degree 73 we obtain Table 19. As nine of these ten columns are
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Table 19. Two superdegree characters of PSL(3,8)

| I A BCi D; Ej Fr Gi Hy Jm

x2|72 8 0-1 9 1 0 0 2 2
Wr3(438 54 6 0 -10 -2 6 -1 4 -3

distinct, just looking at these two superdegree characters reveals the number of superclasses has to be
greater than or equal to nine. As there are eight different degrees of characters in PSL(3,8) and only
one character of degree one, there are eight superdegree characters. Thus PSL(3,8) does not have a
superdegree theory.

The superdegree character theory of SO(3, ¢) also does not extend to a superdegree character theory
of SO(5,q). For example the character table of SO(5,3) has irreducible characters of twelve different
degrees including two characters of degree one. So there are thirteen superdegree characters. There is an
ordering of the twenty-five conjugacy class of SO(5,3) so that the two irreducible characters of degree
six and the only irreducible character of degree ten are as in Table 20 [7].

Table 20. The degree 6 and 10 irreducible characters of SO(5, 3)

x61/6 -220-31-10-2-423 -1
x62/6 -220-31-10-2423-1
X10(10-6201-3-14002-22
x61/-1 10-22-1211000
x62/1 102-21-21-1000
X100 010 00000-200

Summing the two characters of degree six we obtained Table 21.

Table 21. Two superdegree characters of SO(5,3)

Uell2 440 6 2 -2 0 -4 0 4 6 -2
x10/10-62 0 1 -3 -1 4 0 0 2 -2 2
YO 200 0 O O 2 0 0 0 O
Xw|0 010 0 0 0 0 0 -2 0 O

As only the columns in grey are repeats of previous columns, the number of superclasses must be
greater than or equal to fourteen. Thus SO(5,3) does not have a superdegree theory, showing that the
family SO(5, ¢) for ¢ a power of an odd prime does not in general have a superdegree theory.

Finally ruling at the possibility that SO(5,q) has a superdegree theory when ¢ is even, consider
SO(5,4). Looking at the characters of degree 18 and 34 in SO(5,4) will reveal that family SO(5, ¢) also
does not in general have a superdegree theory for ¢ even in an argument analogous to the argument where
G = SO(5,3) above.

Thus PSL(3,q) and SO(5,¢) do not in general have a superdegree theory.
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