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Abstract: Starting from the representation of a function f(z,y) as a formal power series with Taylor coefficients
fm,n, a formal series is set up for the implicit function y = y(z) so that f(z,y) = 0 and the coefficients
of the series for y depend exclusively on the fm ». The solution to this problem provided here relies
on using partial Bell polynomials and their inverse companions. Some examples and applications are
discussed.
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1. Introduction

The problem of calculating the higher derivatives of a function y = y(z), which is implicitly given
by an equation f(xz,y) = 0, has already been dealt with several times in the mathematical literature of
the 19th and 20th centuries. L. Comtet has listed some of these papers in the bibliography of his famous
monograph [2|. His own contribution to the problem can be found in [1-3]. Recently, the problem has
attracted renewed attention, especially with regard to some of its combinatorial aspects. The results
in [3] have been subjected to careful analysis by Wilde [11], who also gives new proofs. Johnson [4]
presents an elementary approach which leads to a recursive solution. Zemel [12] provides an in-depth
combinatorial interpretation for those binomial building blocks that appear in the closed formula he
proved for the higher derivatives of y. In the approach presented here, the combinatorial structure of the
coefficients of y is essentially described by partial exponential polynomials (similar to [1]), which leads to
less complicated formulas. Furthermore, an alternative form of representation was achieved by a modified
type of series reversion (Section 3). For the sake of clarity, the entire procedure has been divided into
two reduction steps (Section 4 and Section 6).
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2. Comtet’s problem

The procedure described in the following for calculating the higher derivatives of an implicit function
starts from the problem as formulated by Comtet in [2, p. 152-153]. There, for a function f given as a
formal power series

> (1)

m,n>0

(with coefficients f, , from a fixed commutative field of characteristic zero) Comtet poses the task of
finding a formal power series y = y(z) = Zn>1 Yn fl, such that f(z,y) = 0. We write D for the usual

differential operator L. In order to be able to compute the Taylor coefficients y,, = D" (y)(0), we assume
foo=0and fo1 #0. Then by writing

yTL
= Z ‘ana

n>0

where ¢, = @, () = ZmZO fmyn%, we see that f(z,y) = 0 is equivalent to

Z%On fZ—SOO() (f1033+f20 -i-f?,oﬂv3 ) (2)

n>1

This formal power series g is invertible (with respect to the composition o), since we have ¢g(0) = 0 and
because of fy1 # 0 also g—Z(O) =1(x) = foqi+x->(...) #0. Let g denote the (unique) inverse of g.
Then, the implicit function y is obtained from (2) in the form

y =y(r) =g(—wpo(z)). (3)

In [2] Comtet evaluates this expression using the Lagrange inversion formula and finds the coefficients y;,
by collecting the terms in ™ /n! that occur in this process. Some few ad hoc calculations are performed
that yield explicit formulas for y1,y2,ys,ys (see the table on p.153). However, this does not tell us what
the general coefficient y,, actually looks like.

3. Preliminaries on Stirling polynomials

In his preceding work [1], Comtet had already developed an approach to represent y,, with the help of
Bell polynomials and thus provide a better insight into the highly complex structure of y,, as a function
of the coefficients of f(z,y). In the following, we take up this idea and carry it out with a modified
method that uses the inverse companions A, j of the partial Bell (or exponential) polynomials B, x,
which Comtet did not know at his time.

First, recall that B, j, can be introduced by the following equation:

n

x
- Z Bn,k(wlv cee 7wn*k+1)ma (4)
n>k ’
where 11, 12,93, . . . are the Taylor coefficients of the function (formal power series) ¥ () (see, for instance,

[2, p.133]). The B, j thus turn out to be polynomials in the indeterminates Xi,..., X,_r41. As is well
known (cf. [1, eq. (2)]), they can be explicitly expressed as the sum of monomial terms:

_ ’I’L' r I8 Tn—k+1
P IP(Zk) Pl () (@l o Xt A (5)
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the sum to be taken over all elements (ry,...,r,_xt1) of the set P(n, k) of (n, k)-partition types, i.e.,
sequences of integers r1,72,73,... > 0 such that ry +ro +r3+---=kand r1 +2ry +3r3+--- =n.

Let us now assume that v is (compositionally) invertible and go from 1 to its inverse ¢ in the
equation (4). Then it can be shown that there is a doubly indexed family of Laurent polynomials A,, j
in the indeterminates Xl_l, Xo, ..., Xp—k+1, so that the analogous identity

%@(x)k = Apn(tr, ... ﬂpnkarl)% (6)
n>k

holds. The polynomial family A,, ; also allows a ‘diophantine’ representation in the manner of (5):

_ v—(2n-1) (_1)n7177‘1 (2'[L —2- 7"1)! r1 YT Tn—kt1
Ank =2 2 (= Dlralrgl - @)z @)ys -1 X2 Kl (7)
P(2n—1—k,n—1)

Here the sum has to be taken over the set P(2n — 1 — k,n — 1) of all partitions of 2n — 1 — k elements
into n — 1 non-empty blocks, that is, of all sequences r1,7r2,73,... of non-negative integers such that
ri+ro+rs+---=n—landr; +2ra+3r3+---=2n—-1—-k%.

We say that B, and A, j are inverse (or orthogonal) companions of each other because they
satisfy Z?:k A, ;Bji = 6nk, where 0y, = 1, 0 = 0, if n # k (Kronecker’s symbol). These and
other fundamental properties are discussed in detail in [7, 8]; in addition, the reader is referred to the
monograph [9]. In it, the collective term multivariate Stirling polynomials of the first and second kind
was proposed for A, r and B, since the associated coefficient sums A, x(1,...,1) and B, x(1,...,1)
turn out to be the signed Stirling numbers of the first kind and the Stirling numbers of the second kind,
respectively.

The multivariate Stirling polynomials have the remarkable property that the A,, , can be expressed in
different ways by By, x, and vice versa (which in particular directly implies the well-known corresponding
statements for the Stirling numbers of the first and second kind). The relevant formulas can be found in
[7, Sect. 6] and as Generalized Schlémilch-Schlifli identities in [8, Thm. 5.5].

Here we restrict ourselves to the special case k = 1. Equation (6) then states that the nth Taylor
coefficient 1),, of the inverse of ¢ is represented by A, 1(¢1,...,%y). On the other hand, according to [7,
Thm. 6.1 (k = 1)] we have

n

An,l(’(/)la v 7'(/}n) = Z(_l)r¢;(n+T)Bn—l+r7r(07 ¢2, .. awn) (8)

r=0

While Comtet uses the sum on the right-hand side (or a slightly different equivalent) to calculate 1, (cf.,
e.g., [1, eq. (7)] and [2, Thm.E, p.151]), in the present work the explicit expression resulting from (7)
takes over this task.

4. The first reduction step

From Section 2 we already know that ¢ is invertible and therefore the inverse can be written as a
Taylor series as follows:

yn
9y) =) In - (9)
n>1
Based on this, we obtain the following preliminary result:

Theorem 4.1. The general coefficient g,, = G,,(z) in (9) is well-defined as a formal power series with
Taylor coefficients g, ; (n > 1,5 > 0). Using these coefficients, the Taylor coefficients of the implicit

219
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function y = y(z) in (3) are as follows:
m m n
Ym = Z ( ) {Z(_l)kgk,man,k(fl,Oa e fnk+1,0)} . (10)
n=1 n k=1
Proof. By taking ) = g and k=1 in (6) we obtain from (2) for every integer n > 1:
Gn (@) = An1(p1(2), ., on(@)). (11)

This expression can be expanded into a Taylor series if the right-hand side of (11) is well-defined. A
closer look at formula (7) shows that the condition ¢ (z) # 0 (already verified in Section 2) is sufficient
for this. We now write g,, in series form:

— _ ‘"E]

Jj=0

Together with (3) and (9) this leads to the following series for y(z):

o) = XY (-0, (12)

Jj20k>1
To evaluate the factor <po](;)’“7 we use (4) and observe D7 (¢()(0) = f; 0. Hence
k n
PolT T
](d) =Y Bux(fro,- oo fr-kt10) T (13)
n>k

and after substituting (13) in (12):

. gt
y(z) = Z Z(_l)kgk,jBn,k(fl,Oa~~7fn—k+1,0)n'7j'
n,j>0k>1 A
m ™
= Z <n> Z(_l)kgk,mann,k(fl,Oa~'~7fn7k+1,0) pu
m>n>0 k>1 :

Finally, note that the sum in curly brackets is non-zero if and only if m > n > k > 1. This proves the
asserted equation (10). O

5. Special cases and application example

The result proven in the previous section already shows the outer structure of the coefficient y,,.
However, most of the combinatorial complexity is still hidden in the coefficients gy, ,,,_,,. For a calculation
ad hoc, therefore, only very small values of m can be considered for the time being. So, it makes sense
to deal with the cases m = 1 and m = 2 first, as the resulting statements can then be easily compared
with the well-known formulas for the first and second derivative of y(x):

/ __E " _2f:cfxy _f:ciac_fa%fyy

(14)

CASE m = 1: It follows from Theorem 4.1 y; = (—1)1§17031,1(f1,0) = —g1,0f1,0- Observing Ay ; = Xl_1
we thus obtain g, o = ,(0) = A11(¢1)(0) = ¢1(0)~! = f(;ll and hence y; = —fl,ofofll (which results
from ¢'(z) in (14) by taking x — 0).
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CASE m = 2: Even here, the computing effort increases noticeably. We have

1
Yo = G) Z(*l)kﬁmBLk(fl,o, ooy faci0)

k=1

2
+ (;) Z(_l)kgk,oBz,k(fLo, vy fa—ko)

k=1
= =27, 1B11(f1.0) — 91,0B2,1(f1,0, f2,0) + G2,0B2,2(f1,0)-

Now recall (from (5) and (7)) Bay = Xa, Bao = X7, As; = —X;*Xs, and observe that g (z) =
D(A11(p1))(z) = =y (x)p1(z) 2. This yields

y2 = —271(0) f1,0 — f(;11f270 + ?2(0)f12,0
©1(0) _ ©2(0)
= 2(‘011(0)2f1,0 — foifa0— <p12(0)3f12’0
_2fiafio fao fo2fio

fg,1 Joa f(;))),l ’

which of course also follows from the formula for y”(x) in (14).

Remark. The number of distinct monomials in y,, grows rapidly with m; it is 9 for y3, 24 for y4, 61 for
ys, and 91159 for y15. Comtet [2, p. 175] established a generating function for this sequence and gave a
table with some of its values. See also Comtet/Fiolet [3] and the correction made by Wilde [11].

Remark. In order to be able to calculate y,, for some m > 3, it is quite useful to take the instances of
the Stirling polynomials from a table or to generate them using a computer algebra program. The reader
will find a set of tables for both, the B, ; and A, k, in [7, p.2471] and [9, p.51-54]. The partial Bell
polynomials B,, j, are tabulated in [6, p.49] and [2, p. 307-308]. The author’s Mathematica Package for
the Multivariate Stirling Polynomials (providing also a rule for replacing indeterminates) can be found
at http://www.gefilde.de/ashome/software/msp/stirling.html. For more details cf. the appendix
in [9, p. 141-145].

Let us now turn to the calculation of some further special coefficients y,, using the formula (10).
Equation (11) shows that determining the coefficients g,, ; needs the higher derivatives (w.r.t. z) of
the function that arises from A, ; by replacing its indeterminates X7y, ..., X, with ¢1(x),...,pn(2),
respectively. If we now look at (6), it becomes clear that after differentiation (and letting = approach 0),
only factors of the form D" (¢, )(0) (and their powers) need to be taken into account. Finally, taking into
account the simple fact (readily from the assumptions in Section 2) that

D" () (0) = fr, (r=0,1,2,...),
we thus get expressions for g, ; exclusively depending on the coefficients f, .

This method was used here to determine the values of ys, y4 (in accordance with Comtet [2, p.153])
and, in addition to Comtet, also of ys:

ys =fosfiofon —3foafiofos +9fo2fiifiofor —3fi2fiofes +3fa1frofor
—6ft1f10f01 —3fo2fr0fr0f0s +3fiafeofor — fsofor

ya =10fo2fosfrofos — foafiofor — 15f0afiofon +60f0afiafiofos +4fiafiofor
— 1603 f1.1ft0for — 24fo2f12fP0for +36f1,1f12flofot + 6fosfaoftofor
+18fozfenflofor — 6f22ftofor — T2fo2fiafiofor — 18f52f20ftofor
+ 24f13,1f1,0f(;;1 + 36fo,2f1,1f2,0f1,ofofil + 4f3,1f1,0f(;12 — 12f1,2f2,0f1,0f07,f’
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— 24f1,1f2,1f1,0f(;13 - 4f0,2f3,0f1,0f(1i3 + 6fz,0f2,1fo_,12 + 4f1,1fs,ofczl2 - f4,0fo_,11
—3foafzofor —12fT1fanfol

ys =105f5 2 fosflofas + fosflofor = 10f5sflofod — 15fozfoaflofad —105f52fT0 o0
+525f5 o f11frofor +25f0afiafiofors +50fosfiafiofos +50fo2fisfiofor
—5f1aftofor —300fo2fosfiafiofod — 22552 12 0f01 +200fos i1 flofor
+600fo.2f11f12fP0for +100fo2fosfroffofor +150f3afanfiofor + 10 25 T0fo 1
— 6072 fP0for —80fiafiafiofor — 10fo.af20flofor — 40fosf2nflofor
—60fo2f22fi0for —900f5afT 1 flofor = 150f0a 20 0 fo1 +600fo2flifTofas
+450f5 2 fraf20ffofod +30f1af20f 0 fod +90f12 20 0 fo ) +90f11f22 P00t
+10f0,3f30ft0f0s +30fo2fs1ftofos — 10fs2fiofos — 360fi1frafiofos
—120fo.sf1,1f2.0f10f01 — 180fo2fr2f20ft0for — 360fo2fiafeftofor
—30f3afs0ftofor +15f0sfs0f10f01 +180f11f12f20fr0f0r + 180f1 1 farfrofor
+ 90f0,2f2,0f2,1f1,0f(ff + 60f0,2f1,1f3,0f1,0f(;;1 + 5f4,1f1,0f(fl2 - 30f§,1fl,Ofoi,fj
- 30f2,0f2,2f1,0f(;13 - 20f1,2f3,0f1,0fo_,f - 40f1,1f3,1f1,0f0_,f - 5f0,2f4,0f1,0f0_,f
—120fi1 frofor — 4552 f30f10f07 =360 o2 fiafrofrofor +45fo2fiafoofor
+ 6071 f2.0 01 +10f21f30 01 + 10 2.0 31 01 + 5f1afaofor — fsofod
— 15f1,2f22,0fo_,13 — 60f1,1f2,0f2,1f(;f — 20f12,1ﬁ">,0fo_,13 - 10f0,2f2,0f3,0f(;f

Ezample. Finally, we briefly discuss the example of the function

q+1

flz,y) =2z —y+aly (p, q integers > 0)

presented by Comtet in [2, (IV), p. 153]. It is largely tailored to the application of the Lagrange inversion,
but can also be treated just as well with the method described above. We first exclude the trivial case
¢ =0, in which y = y(x) = ©/(1—2aP) is immediately apparent as the solution to the equation f(z,y) = 0.
By assuming ¢ > 1, we obtain (using the notations from Section 2):

po(x) =, ¢1(x)=-1, @gr1(z) = (q+1)a?, (15)
and ¢, (x) = 0 for every n with 2 < n # ¢+ 1. This results in the following for the coefficient in (9) and
(11):

yn(x) - An,1(¢l(x)v 0,...,0, ¢q+1(‘x)a 0,..., 0)

A closer look at the expression on the right-hand side using (7) reveals that it vanishes except for indices
of the form n = ¢gr + 1 (with integer » > 0), in which case we have

_ r(( + 1)r ! q (l‘ "
Gor1(z) = (=1) r!((Jqu i)l)'r ' (plfx;r(ffrlgrﬂ

ri1_pr (g + 1)7)!
= (~1)7Hg w.

From this we read directly that the Taylor coefficients g, ; = D'(g,,1)(0) of the function g, (z)
are just non-zero for [ = pr, namely

Tgrs1pr = (DT (g + 1)r)! (ZZ)!.

To evaluate (10) with these coefficients, we first notice By, x(f1.0, f2,0,- - s fa—k+1,0) = Bnx(1,0,...,0) =
dnk thus obtaining
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Obviously, y,, vanishes except for the values m = (p+ ¢)r +1 and n = gr + 1 (r > 0 integer). So, after
a little calculation the resulting general Taylor coefficient (# 0) turns out to be just the one reported by
Comtet:

(¢+1)r\ (p+gr+1)!
r = -_— 16
Yorarst ( r gr+1 (16)
Historical Remark. In the special case p = 0 and by setting x = —a € C, f(x,y) = 0 converts to an

algebraic equation of (¢ + 1)th degree: y9™' —y = a. As early as 1758, Lambert [5] had provided an
infinite series solution to this type of problems. It was later rediscovered by Eisenstein when he was
fourteen years old. Stillwell’s nice article [10] tells the story of his solution in the case ¢ = 4:

> /5r\ a*rtl
yg<r>4r+1'

6. The second reduction step

In the second and final step, we will show how the general Taylor coefficient g, ; of g, (x) which
appears in Theorem 4.1 can be represented by a polynomial expression depending exclusively on the
fmn- As explained in Section 3, we make use of the Stirling polynomials of the first kind to accomplish
the series reversion in question. According to (8), this means that one less summation is required.

To facilitate the evaluation of higher-order derivatives of function powers, we first introduce a simple
but useful

Auxiliary Statement. Let h be a function given by the power series h(x) =), <, B &5 7> ho #0, and
let r,j € Z with j > 0. Then the following applies: -

J
=> ("whg FBik(ha, .. hj_k). (17)
k=0

Proof. We write h" as a composite function id” o A and obtain the following using Faa di Bruno’s
formula |2, Thm. Al:

j
7(id" o h) = > (D*(id") o h) - Bjx(D(h), D*(h),..., DI~ F(h)).
k=0
Now, (D*(id") o h)(0) = 0 vanishes for 0 < r < k. Otherwise (D*(id") o h)(0) = (r)xh§ ™", where
(r)k :==r(r—1)---(r—k+1) for k> 1and (r)o := 1 denotes the falling factorial. Taking into account
D*(h)(0) = h; (i =1,2,3,...), this results in the stated formula (17). O
The expression on the right-hand side of (17) can be written more concisely as P;, T(ho, hi,... hj).

Here, PJ » denotes the potential polynomzals introduced by Comtet [2, p. 141, Eq. (5f)]; See also [8, Eq.
(3.10)]. Note that, for negative r, P . is a Laurent polynomial in the indeterminates X', X1, ..., X;.

We are now in the position to implement the announced second reduction step.
Theorem 6.1. Under the assumptions of Theorem 4.1 and for m >n >k > 1 we have

_ (—1)F=1=m(2k — 2 — ry)! (m —n)!
Ikm—n = Z { ol -l (2072 - (R x Z {7

! !
P(2k—2,k—1) jittgpmmen LR

k
X Pjy 2k (o1 fras - Fiu H L (fows fiu, - '7ij,u)}}'
v=2
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Proof. Since the derivative D! of I-th order is a linear operator for every integer [ > 0, we obtain from
equation (7):
i1 = D'(@,)(0) = D'(Ak1(p1,- -, 9k))(0) (18)
(—1)F 12k —2—r)!

= o S (U
P(zkgk—n rol e rpl(21)72 - (K1) ! : ¥

We evaluate the term D!(...) by means of the general Leibniz product rule as follows:

! . , ,

—2k —2k

Dl (g Mg i) = Y Tl e DR (5 - - DI (o). (19)
J1t+je+- =l
J1,J2,-J6 20

Therefore, only expressions like D7 (¢7)(0) remain to be reduced. We first apply the auxiliary statement
(17) to the first factor on the right-hand side of (19):

DI (P =) (0) = Py 1y —2041(D°(91)(0), D (01)(0), . .., D7 (91)(0)) (20a)
= Py —oki1(for, fras oo firn)-

In a completely analogous manner, we obtain for v > 2:

D7 (@})(0) = Py, (o frovs s Fiv)- (20b)
Finally, we obtain the asserted explicit formula for the coefficients gy ,,,_,, by putting [ = m —n in (18)
and (19) and combining this with (20a,b). O

Acknowledgment: I thank the anonymous reviewer for constructive comments and suggestions
that significantly improved the manuscript.
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