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Abstract: This article studies O:-cyclic and (©¢, A)-constacyclic codes over the finite commutative non-chain
Frobenius ring R = Fy[u, v, w]/{u® —u, v* —v, w? —1, wv, vw—wu, wv—vw). Gray maps, structural
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The paper further determines principal generators in the associated skew polynomial rings, dual codes,
idempotent generators, and conditions for self-duality. It also presents explicit examples over specific
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reversibility and complement constraints. Spanning sets, cardinality formulas, and optimal DNA-
code constructions meeting the Griesmer bound are also obtained.
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1. Introduction

In 2007, Boucher et al. [9] used the skew polynomials ring F[z; 6] into coding theory where 6 is an
automorphism on the finite field F. The ring F[x; 6] is a non-commutative as coeflicients in F and inde-
terminate x are not commuting. They introduced skew cyclic (or #-cyclic), a generalized class of cyclic
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codes as a principally generated ideal of the ring F[z;6]/(z™ — 1), where the order of the automorphism
divides n and derived many new codes that were not previously obtained. One advantage of studying
codes over skew polynomial rings is that the polynomial ™ — 1 has more factors in skew polynomial ring
than commutative rings. Later, in [10] skew constacyclic codes that generalize the constacyclic codes over
commutative rings are studied. In 2011, Siap et al. [30] discussed skew cyclic codes of arbitrary length
and identified them as a left F[z; 6]-submodule of F[z;6]/(z™ — 1). In 2012, Abualrub et al. [2] studied
f-cyclic codes over the non-chain ring Fy + uFs,v? = v, and Jitman et al. [21] studied skew constacyclic
codes over finite chain ring. Later, these codes over non-chain rings are extensively studied. For instance,
the rings Fs + vF3 in [5], F, + vFy,v? = v in [18], F, + uF, + vFy, u? = u,v* = v,uv = vu = 0 in [6] are
considered to study skew cyclic codes. Also, Yao et al. [32] and Dertli and Cengellenmis [12] studied these
codes over Fy + ulFy + vy + uvlFy, u? = u,v? = v,uv = vu. In [17], the studies on constacyclic and skew
constacyclic codes over non-chain rings have received considerable attention in recent years. In particular,
Gowdhaman et al. studied constacyclic codes over the non-chain finite commutative ring Z4 + uZ4 + vZy4,
establishing structural properties and applications. Furthermore, [25] Mohan et al. investigated
skew-constacyclic codes over non-chain rings, providing important insights into their algebraic structure
and generating techniques. These works motivate the present study on ©;-cyclic and (O, A)-cyclic codes
over a more general non-chain ring. In 2017, Gao et al. [16] obtained the structure of skew constacyclic
codes over non-chain ring F, + v]Fq,v2 = v. Recently, Islam and Prakash [19, 20] have determined
structural properties of skew constacyclic codes over Fy + ulF, 4+ vIF + uvlFy, u? = u,v? = v,uv = vu and
F, + ulF, + vy, u? = u,v? = v,uv = vu = 0, respectively. In 2019, Bhardwaj and Raka [8] studied skew
constacyclic codes over the ring Fylu, v]/{f(u), g(v),uv — vu).

Motivated by the studies above, here we consider a non-chain Frobenius ring R = F,[u, v, w]/(u? =

u,v? = v,w? = 1,uv = vu = 0, uw = wu, wv = vw) and study O;-cyclic and (O, \)-cyclic codes over it
where A is a unit in R. We completely determine the structure of these codes and obtain necessary and
sufficient conditions to contain their duals. Note that the rings F,+uF,+vF,, u? = u,v? = v,uv = vu = 0
and F, + wF,, w? = 1 are contained in R as subrings and hence, our study and findings generalize the
studies mentioned above for odd characteristic case. Further we also tackle the even characteristic case

and we present some applications to DNA codes.

2. Preliminaries

Here we study the structure of the ring R = F[u, v, w]/(u? = u,v* = v,w? = 1,uv = vu = 0,uw =

wu, wv = vw). First suppose that the characteristic is odd i.e., p is an odd prime and ¢ = p™. Then
R is a finite commutative, Frobenius and non-chain ring with identity and ¢% elements. The ring R has
another representation R = Fy 4+ ulF, + vF, +w(F, + uF, + vFy) = F, + uF, 4+ vF, + wF, + uwF,; + vwF,
with the condition u? = u,v? = v,w? = 1,uv = vu = 0,uw = wu,vw = wv. Any element of R has the
unique expression r = a1 + uaz + vaz + way + vwas + vwag where a; € Fy, for 1 <7 < 6. Let

u(l —w) v(l —w) u(l 4+ w) (1l +w) (I —u—v)(1-w)
€1 = , 62 = , €3 = ;64 = , €5 =
2 2 2 2 2
1—u—2v)(1
and eg = ( u—v)( er).
2
Then the {ej,es,...,e6} is a set of orthogonal idempotent elements in R, or in other words,

6
e? =e;,e,e; =0, when ¢ # j and Zei =1.

i=1

Therefore, the ring R has the decomposition R = @?:1 e;R. Since e;R = ¢;Fy, for 1 <4 <6, then

6
R = @ ein.
i=1
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Hence, r € R has a unique representation r = @?:1 e;r;, where r; € F, for 1 <7 < 6. We recall the

Frobenius automorphism 6, on F, defined by 6,(a) = a?', where t|m. The extension of the automorphism
on R is defined as

6 6 6
Oi(r) = Z€¢9t(7“i) = Zeirf , where r = Z e;r; and r; € Fy for 1 <4 <6.
i=1

i=1 i=1

In the even characteristic case we do not have a full idempotent decomposition as finite fields but
still we have a direct decomposition of chain rings.

Given an element 7 = a + bu + cv € R where a,b,c € R, = Fy[w]/(w? — 1) we have
r=(a+bu+(a+cv+a(l+u+w)

and clearly this leads to a direct idempotent decomposition of R as

R=Ryu® Ryv® Ry(1+u+v).

Here, R,, = Fom[w]/{w? — 1) is a local ring with chain of ideals

{0} C (1 +w) C Ry

and (1 4+ w) is its maximal ideal.

Now, recall the multiplication of skew polynomials which is defined by the distribution under the
rule (ax?)(bz?) = aO;(b)'z"™. Therefore, the skew polynomial ring R[z;©;] = {f(z) € R[z]} is a non-
commutative ring under the above multiplication and standard addition of polynomials. It becomes a
commutative ring whenever we considered ©; as an identity automorphism. Further, the polynomial
2™ — 1 is a central element in R[x; O] if 0(O;)|n. In that case (™ — 1) is a two sided ideal and hence,
R, = R[z;©:]/{z™—1) is a ring. However, under the left multiplication defined by c¢(x)(a(z)+ (z™—1)) =
c(x)a(x) + (™ — 1), where ¢(z) € R[z; 0] and a(x) + (2™ — 1) € R, the structure is well defined. Hence
R, is a left R[z;©]-module.

Definition 2.1. A non-empty subset C of R™ is called a linear code of length n over R if C is an
R-submodule of R™ and the elements of C' are called codewords.

Definition 2.2. [9] A non-trivial R-submodule C of R"™ is called a ©-cyclic code if for any ¢ =
(cos¢1y---yCn1) € C, g(c) = (O(cn-1),0:(co),...,0(ch—2)) € C. The operator o is called as Oy-
cyclic shift operator on R™.

A well known theorem that establishes the structure of skew cyclic codes is the following:

Theorem 2.3. Let ¢(x) = co+c1x+-+cp 12" 1 € R, be a polynomial corresponding to the codeword
¢ = (cp,C1y...,¢n—1) € C. Then the linear code C is a O-cyclic code if and only if C is a left R[x; ©4]-
submodule of R,,.

We recall the Euclidean inner product of any two vectors ¢ = (¢cg, ¢1,...,¢n—1),d = (do,d1,...,dn-1)
isc-d= Z;:Ol c;d;. For alinear code C of length n, its dual code C+ = {c € R" | ¢-d =0, for all d € C}
is also a linear code of length n. Also, C is called a self-dual if C = C* and self-orthogonal if C C C*.
Also, it is not hard to check that C is a 6;-cyclic code of length n over R, when C is a -cyclic code
over F,.

ot
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3. Gray maps and F, -images

Here, we propose Gray maps for odd and even characteristic cases:

If the characteristic is odd, then we define ¢, : R — IFS by

6
do(r) = (r1,72,...,76) Where r = Zeiri and r; € Fy for 1 <14 <6. (1)
i=1

If the characteristic is even, then we define ¢, : R — R2 by

¢e(r) =(a+b,a+c,a) where r =a+bu+cv € R, a,b,c € Ry,. (2)

Then, both maps ¢, and ¢, are linear bijective and can be extended over R™ component-wise. We
define the Gray weight wg of ¢ € R by w,,(¢) = wu(do(c)) (and we,(c) = wy(de(c)) ) where wy is
the Hamming weight in R™ in odd (even) characteristic case. From now on, we omit the notations w,
and w, and use w instead, as the choice will be clear from the context, i.e., the characteristic. The Gray
weight of a codeword is the rational sum of weights of components and distance between two codewords
¢,d € Cis dg(e,d) =wg(c—d). The Gray distance for the code C is dg(C) = min{wg(c) | 0 # c € C}.
For ¢,d € R", dg(c¢,d) = wg(c — d) = wg(d(c — d)) = wy(o(c) — ¢(d)) = du(é(c), #(d)). Hence ¢ is a
linear distance preserving map from (R", d¢) to (FS",dp) in odd case and from (R",dg) to (R, dp) in
even case.

Let C be a linear code of length n over R. Given the direct decomposition of the ring R, C is also
a direct sum as C = @?:1 e;C; in odd case and C = 69?:1 e;C; in even case where the components are
from the finite field F, and the quotient ring R,, respectively.

Theorem 3.1. Let C be a linear code of length n over R. If the characteristic of R is odd, then ¢,(C*) =
(6o(C))*:, and if the characteristic of R is even, then ¢.(Ct) = (¢.(C))*.

Proof. First assume that the characteristic is odd. Let ¢ = (co,¢1,...,¢n—1) € C and d =

(doydi,... dp—1) € C+ where ¢; = Z?:l eisy and d; = Z?Zleitz- for s%,t5 € Fy, 0 < j < n—1.

Now, ¢ - d = 0 implies Z;L:_Ol c;d; =0, ie., Z?:_Ol Z?:1 eisit’ = 0. Again, we have

=

n—

do(c) - Po(d) = Z Zszt; =0.

—0 i=1

<

Therefore, ¢,(C*) C (6,(C))*t. As ¢, is bijective linear map, | ¢,(C*) |=| (¢,(C))* |. Therefore
$o(C) = (¢0(C))*

The even case also follows in a similar way so we omit its proof. O

Corollary 3.2. Let C be a linear code of length n over R. Then C is self-dual if and only if ¢,(C) is
self-dual in odd characteristic case. Further ¢,(C') is self-orthogonal over Fy in odd characteristic if C is
self-orthogonal.

Proof. Let C be a self-dual linear code of length n over R. That is C = Ct. Then ¢,(C) = ¢,(C*)
for odd characteristic and hence by Theorem 3.1, we have ¢,(C) = (¢,(C))*. Thus ¢,(C) is a self-dual
linear code of length 6n over F,. Conversely, let ¢,(C') be a self-dual linear code of length 6n over F,.
Then ¢,(C) = (¢,(C))*, and hence by Theorem 3.1, we have ¢,(C) = ¢,(C+). Since ¢, is bijective,
C = C+. Therefore, C is a self-dual linear code of length n over R.

Moreover, let C be a self-orthogonal linear code over F,. In other words, C C C* implies, ¢,(C) C
$o(C*). Now, by Theorem 3.1, we have ¢,(C) C (¢,(C))*. Hence ¢,(C) is a self-orthogonal linear code
of length 6n over Fy. 0

925

56
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Corollary 3.3. Let C be a linear code of length n over R. Then C is self-dual if and only if ¢.(C) is
self-dual in even characteristic case. Further ¢.(C) is self-orthogonal over F, in even characteristic if C
18 self-orthogonal.

Proof. The proof of the Corollary is similar to the proof of Corollary 3.2. O

Theorem 3.4. Let C be a linear code of length n over R. If the characteristic is odd, then ¢,(C) =
®?:1 C; and | C |= H?:l | C; | where C; are linear codes over Fy and else if the characteristic is even,
then ¢.(C) = ®?=1 C; and | C |= H?zl | C; | where the C; are linear codes over R,,.

Proof. Suppose the characteristic is odd. Let z = (a},al,...,al _;,a3,a3,...,a2 1, - ,a8,a8,...,a5 )
€ ¢o(C) and r; = 25:1 ejag, for 0 < i < n—1. The map ¢, being bijective, so r = (rg,r1,...,7n—1) € C.
Therefore, by the definition of C;, we have (a},at,...,at,_;) € C; for 1 <i < 6. Therefore, z € ®?=1 C;
and hence ¢,(C) C ®?:1 C;.

Conversely, let z = (a},al,...,al_;,a3,a%,...,a2_,,--- ,a§,af,...,a8_) € ®?:1 Ci. Then a' =
(ah,ai,...,al,_1) € C; for 1 <i < 6. To show z € ¢,(C) in the odd-characteristic proof, we have to find
Z = Z?:1 e;a; € C such that ¢(z') = z. Consider 2’ = Z?:1 e;a’ and then ¢,(2’) = 2. Consequently,
®?:1 C; C ¢,(C). Combining both sides, we have ¢,(C) = ®?:1 C;.

Moreover, since ¢, is a bijection, | C' |=| ¢o(C) |. Consequently, | C' |=]| ®?:1 C; |= H?:1 | C; |. The
O

even case follows in a similar way.

Corollary 3.5. Suppose the characteristic is odd. Let C = @?:1 e;C; be a linear code of length n over R.
e1 My
€2M2

Then the generator matriz for C is M = . , where M;’s (i =1,2,...,6) are generator matrices of

ee Mg
the C;’s (i =1,2,...,6) over Fy, respectively. And if the characteristic is even, then the generator matric
UNl
also can be put into the following form N = vNg , where N;’s (i = 1,2,3) are generator
(1+u+v)N3
matrices of the C;’s (i = 1,2,3) Ry, respectively.

Corollary 3.6. Let C' = @?:1 e;C; (C =uCy ®vCy @ uwCs) be a linear code of length n over R of odd
(even) characteristic. Then ¢o(C) (p.(C)) is a [6n, Z?zl ki, dp(C)] ([Sn,Z?zl ki, dp(C)]), where each
C; is an [n, ki, dg (C;)] linear code over Fy (Ry,) for 1 < i <6 (3) and dg(C) = min{duy(C;) | i =
1,2,...,6} (dg(C) =min{dy(C;) | i =1,2,3}).

Theorem 3.7. Let C = @?:1 e;Ci (C=uCy ®vCy® (1+u+v)vCs) be a linear code of length n over
R of odd (even) characteristic. Then C+ = @le e;C+ (C+ =uCi L ®vCyl ® wvCy ). Moreover, C is
self-dual code if and only if Cis (i =1,2,...,6) (Cls (i =1,2,3)) are self-dual codes over Fy (R,,).

Proof. Suppose the characteristic is odd. Let

Ci={r € Fy | there exists 71,72, ..., 7i—1,Tit1,.-.,T6 € [y such that Z?Zl e;r; € C+}. Then C*
has the unique expression C+ = @?:1 e;C;. Tt is easy to see C; C C’f. If z € Cll, then z - 21 = 0 for
all 1 € C1. Let s = Z?Zl e;x; € C. Then e;zs = ejx12 = 0, and which implies e;2 € C+. From the
construction of C+, we have z € Cy. Therefore, Ci- C C;. Hence, C; = Ci-. By a similar process we
have Cit = C; for i = 2,...,6. Consequently, C+ = @?:1 e;Ci-.
Moreover, let C be a self-dual linear code. Then C = C,i.e., @°_, e;C; = @Y, e,Ci-, Hence Ci- = C;
for 1 <14 < 6. Conversely, let each C;, for i = 1,2...,6 be a self-dual linear code. Then Ci* = C; for

~
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o)

1 <i<6. Thus, C*+ = @?:1 e;Ci- = @6:1 e;C; = C. Hence C is a self-dual linear code over R. The

1
even characteristic case also follows due to the direct sum decomposition in a similar way. O

Definition 3.8. [19] A linear code C' of length nm over Fy is said to be a ©;-quasi-cyclic code of index
m if pm(C) = C, where py, is the ©-quasi-cyclic shift on (F7)™ defined by

pm(at [a®[---[a™) = (o(a") [ o(a®) | -~ | o(a™)), (3)
and o is the ©-cyclic shift operator.

Lemma 3.9. Let o be the O4-cyclic shift. Let pg and ps be the ©-quasi-cyclic shifts defined in equation
(8). In the odd characteristic case, let ¢, : R™ — IFS" be the Gray map defined in equation (1). Then

000 = pedo, and the even characteristic case, let ¢, : R™ — Fg" be the Gray map defined in equation (1).
Then ¢eo = p3de.

Proof. Suppose that the characteristic is odd. Let r; = Zle eiaé» € R for 0 < j <n-—1 where aj» cF,
for 1 <4 <6. Then r = (ro,71,...,mn—1) € R". Now,

$o0 (1) = P(O4(rn—1),0¢(10), ..., 0¢(rn—2))
= (Qt(aqlm—l)’ et(a(l))v s 7975(0“111—2)’ s 7015(02—1)’ gt(ag)’ s ’Qt(ag—Z))'
On the other hand,

p6do(r) = pelag, ... al_1,...,a8,...,a8_})
= (at(a'}n—l)v ot(aé)a ) et(a'}L—Q)’ ) at(a2—1)7 Ht(ag)’ R ot(a2—2))'
Therefore, ¢p,0 = pgp,. For even characteristic the proof is similar. O

Theorem 3.10. Let C' be a linear code over R. In the odd characteristic case, C' is a O¢-cyclic code if
and only if ¢,(C) is a ©- quasi-cyclic code of index 6 over Fy, and the even characteristic case, C' is a
O-cyclic code if and only if ¢.(C) is a O-quasi-cyclic code of index 3 over the corresponding ring.

Proof. Suppose that the characteristic of R is odd. Let C' be a O;-cyclic code of length n over R. Then
o(C) = C. By Lemma 3.9, we have ¢,(c(C)) = ¢o(C) = ps(¢o(C)). It follows that ps(¢o(C)) = ¢o(C).
Hence, ¢,(C) is a ©4-quasi-cyclic code of length 6n and index 6 over F,.

Conversely, suppose that ¢,(C) is a ©;-quasi-cyclic code of length 6n and index 6 over F,. Then
p6(06(C)) = ¢o(C). Again, by Lemma 3.9, we obtain ¢,(c(C)) = ps(¢o(C)) = ¢o(C). Since ¢, is a
bijection, it follows that o(C) = C. Therefore, C is a ©;-cyclic code of length n over R.

The proof for the even characteristic case follows similarly by replacing ¢, with ¢, and pg with
p3- U

4. Structure of ©4;-cyclic codes-odd characteristic case

The 6,-cyclic codes of length n over finite field with order not dividing the length of the code are
studied by Siap et al. [30]. They have shown that these codes are principally generated by the monic right
divisors of ™ — 1 in Fy[z; 0]. Using the structure of finite fields, here first we present their properties on
the ring R with odd characteristic.

Lemma 4.1. [30] Let C be a 0,-cyclic code of length n over F, with odd characteristic. Then there exists
a polynomial f(z) € Fylz; ;] such that C = (f(x)) and ™ — 1 = g(z) f(z) in Fylz; O4.

We recall from [9] that if C = (f(z)) is a 0-cyclic code of length n over F,, such that 2" —1 = g(z) f(x),
and the order of #; divides n, then its dual C+ = (g*(z)) is also a 6;-cyclic code where g*(z)(called it 6;-
reciprocal polynomial) is given by ¢*(x) = gn_r + 0:(gn_r_1)x+- -+ 07" (g)x" " 4077 (go)a™ T,
for the polynomial g(z) = go + g1+ -+ + gn—rz™ ".
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Theorem 4.2. Let C' = @?:1 e;C; be a linear code of length n over R with odd characteristic. Then C
is a ©¢-cyclic code if and only if the codes Cy, i =1,2,...,6 are Os-cyclic codes of length n over F,.

Proof. Let C = @?:1 e;C; be a ©4-cyclic code of length n over R with odd characteristic. Let

6
2t = (28, 2%,z ) € Cifor 1 <i <6, and yj:Zeizj- for0<j<n-—1.
i=1

Then y = (Yo, Y1,---,Yn—1) € C and hence o(y) = (O (Yyn-1), Ot (¥0),- .-, Ot(yn—2)) € C. Now,

Ze, el = @eC

Therefore, o(z%) € C; for 1 <i < 6. Hence Cls (i =1,2,...,6) are §;-cyclic code of length n over F,,.
For the converse part, let the codes C;, i = 1,2,.. 6 be 60:;-cyclic codes of length n over Fy. Let

Yy = (Y0, Y1, Yn—1) € C, where y; = Zf 1625 for 0 < j <n—1. Then 2= (2d, 28, ... 28 1) e C;
for 1 < i < 6 and hence o(2') € C; for 1 < i < 6. Again o(y) = Z?:1 eio(z2) € @izl e;C; = C.
Consequently, C' is a ©;-cyclic code of length n over R. O

Theorem 4.3. Let C' = @?:1 e;C; be a O-cyclic code of length n over R with odd characteristic. Then
C = {e1fi(z),eafa(x), - ,e6f6(x))

and | C |= ¢5"=21 % where C; = (fi(x)) and 2™ — 1 = g;(2) f;(x) in F,lx; 0] and deg(fi(z)) = €;, for
1 <:<6.

Proof. Let C = EB?:l e;C; be a O4-cyclic code of length n over R with odd characteristic. Then by
Theorem 4.2, Cls (i =1,2,...,6) are §,-cyclic codes of length n over F,. Now, by Lemma 4.1, we have
Ci = (fi(z)) and 2™ — 1 = g;(x)fi(z) in Fyla;6;] for 1 < i < 6. Then e;f;(z) € C for 1 < i < 6.
Also for any f(z) € C, we have f(x) = Z? 1€ l( )fi(x) where h;(z) € Fy[z;6,] for 1 < i < 6. Thus
f(x) € {erfi(x), e2f2(2), -+ , 6 fo(x)). Therefore, C' = (e1f1(x), e2fa(), - €6 fo(x)).

Further, we have | C; |= ¢" % and | C |= Hl LG |= ¢t X1¢ | where deg(fi(z)) = &, for
1<:1<6. O

Corollary 4.4. If C = @?:1 €;C; is a O-cyclic code of length n over R with odd characteristic, there
exist a polynomial f(x) € R[x; O] such that C = (f(z)) and z™ — 1 = g(x) f(x) in R[z;O4].

Proof. Let C = @?:1 e;C; be a O4-cyclic code of length n over R with odd characteristic. Then by
Theorem 4.3, we have C = (e1 f1(z), eafa(x), -+ ,esfe(x)) where C; = (fi(x)) and 2™ — 1 = g;(x) fi(x)
in Fylz; 0] for 1 < i < 6. Let f(z) = Z?:1 eifi(x) € R[z;04]. Then f(xr) € C. On the other hand
e fi(x) = e;f(x) € (f(x)) for i = 1,2,...,6. Consequently, C = (f(x)). Further, [Z§:1 eigi(z)]f(x) =
Z?:1 eigi(z) fi(z) = 2?21 ei(z™ —1) = 2™ — 1. Then z™ — 1 = g(x)f(z) in R[z;O:], where g(z) =
> €igi(®). O

Theorem 4.5. Let C = @?:1 e;C; be a O¢-cyclic code of length n over R with odd characteristic. If
ged(n, ) = 1 = ged(n, q), then there exist idempotent polynomial i(xz) € Rx;©y] such that C = (i(x))
and i(x) is a right divisor of z™ — 1.

Proof. Let ged(n, ) 1 = ged(n, ). Then, there exists idempotent polynomials i;(x) (see [18]) such
that C; = (i;(x)) a ( ) is a right divisor of ™ — 1 in Fy[z;©,] for 1 < j < 6. Then similar to
Corollary 4.4, we hav = (i(z)) and i(x) is a right divisor of 2™ — 1. O

25

[3 2>
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Theorem 4.6. Let C' = @?:1 e;C; be a ©;-cyclic code of length n over R with odd characteristic. Then
Ct = @?:1 e;Ci is also a O;-cyclic code of length n over R and | C* |= q==1% where C; = (fi(x))
and deg(fi(z)) =€ for 1 <i <6.

Proof. Let C = @?:1 e;C; be a O4-cyclic code of length n over R with odd characteristic. Then by
Theorem 4.2, Cls (i = 1,2,...,6) are f4-cyclic codes of length n over F,. Then Ci*’s (i = 1,2,...,6)
are also ;-cyclic codes of length n over F,. Again by Theorem 4.2, C+ = @?:1 e;Ci+ is also a ©-cyclic
code of length n over R. Further, | C}* |= ¢% for i =1,2,...,6, therefore | O |= [[°_, | G- |= ¢=i=1 .
where deg(fi(x)) =¢; for 1 <4 <6. O

Corollary 4.7. Let C = @?:1 e;C; be a O-cyclic code of length n over R with odd characteristic and
order of ©; divides n where C; = (f;(x)) and z™ — 1 = g;(x) fi(x) for 1 < i < 6. Then there exists a
polynomial G(z) such that C*+ = (G(x)), where G(x) = Z?:1 eigf(x).

Proof. Let C = @?:1 e;C; be a O4-cyclic code of length n over R with odd characteristic and C; =
(fi(x)) where 2" — 1 = g;(z) fi(z) for i = 1,2...,6. Then by Theorem 4.6, we have O+ = @?:1 e;Citis a
O-cyclic code of length n over R where Ci-’s (i = 1,2, ..., 6) are §;-cyclic codes over F,. Therefore, Cit =
(gf(x)) where gf(x) is the ;-reciprocal polynomial of g;(z) for 1 < i < 6. Take G(z) = Z?:l eigl (z),
then we check that C+ = (G(x)). O

Remark 4.8. Note that from Corollary 4.4 and Corollary 4.7 we can conclude that every O¢-cyclic code
and their dual are principally generated left R[x; ©4]-submodules of R,,.

Example 4.9. Let ¢ = 27 and R = Far[u, v, w]/{(u? = u,v? = v,w? = 1,uv = vu = 0,uw = wu,wv =
vw). Let a be a root of an irreducible primitive polynomial over Fs. Now define the automorphism
01(a) = a® for all a € Fy; and Let r = Z?:l e;r;, where r; € For for 1 < i < 6. Then O1(r) =
Z?:l e;01(r;) = Z?:l e;rs. Let C be a ©1-cyclic code of length 6 over R. Again we have

25 —1=(z+1)(z+a)(z+a’) (z+a")(z+ ) (z+a'®) € For[z; 6]
= (z+a?)(z +a®)(2® + ') (z + o) (z + a?)? € Foy[x; 6,
= (z4+ 1)z +2)(x + a®)(z + ) € For[z; 64].

Let fi(z) = fa(z) = (z + a®)(z + a'®), f3(x) = falx) = (x + ) (@ + a?)? and f5(z) = fs(z) =
(x+®)(x +a?). Then C = (2(1 — a)(u+v)(z + ®)(x + a'®) + 2(1 + o) (u + v)(z + ') (2 + a??)? +
(1—u—v)(z+a®)(z+a?')) is a O1-cyclic code of length 6 over R. Further, the Gray image ¢,(C) is a
(36,22, 3] linear code over the field Far.

5. Structure of ©-cyclic codes-even characteristic case

Now we study the structure of ©;-cyclic codes in case of an even characteristic. The structure of
ideals in Ry, , = Ryx;0:]/(x™ — 1) depends on the factorization of ™ — 1. Recall that the order of O
divides n and @ = 1 +w and clearly w? = 0. First we establish the following useful observation. Suppose
that

(fi(@) + f2(z)w)(ha(z) + ho(z)0) = 2" — 1
fi@)h (@) + (fo(x)ha(2) + fr(@)he(2))w = 2™ — 1

This implies

Hi(@)hy(z) = 2" 1 (4)
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and
fa(@)ha () + fr(z)ha(x) =0 (5)
€ Ry[z;6y).
Focusing on Equation (5),

f2(z)hi(z) + fi(z)ha(z) = 0 implies hy(z) fa(z)h1(z) + ha () f1(x)he(z) =0

By Equation (4), we have f1(x)hi(xz) = 2™ — 1. Since 2™ — 1 is central in the skew polynomial ring,
it follows that f1(z) and h;(z) commute. Hence, we have

hi(x) f2(x)h1(x) + f1(x)h1(2)he(x) = 0 implying i (z) fa(z)hi () + (2" — Dha(z) = 0

hi(z) fo(x)hi(z) + ha(z) (2™ — 1) = 0 implying hi(z)f2(2)h1(2) + ha(z) f1(x)hi(x) =0
implies
hi (@) f2(x) + ho(x) f1(x) =0
Thus, we have
hi(z) f2(x) = ha(z) f1(2).
Hence,
fa(x)hi(x) = fr(x)ha(x) and hy(z) f2(x) = ha(z) f1(2).
Therefore, if
(fi(@) + f2(@) @) (ha(z) + ho(z)w) = 2" — 1,

then Equations (4) and (5) must hold.

Example 5.1. Consider a factorization of z* — 1 over Fy[w]/(w? — 1)[x; 0] with 0(8) = B2 for B € F4
and Fy = {a + bala® + a + 1 = 0} which is

ot — 1= (2% + wz + o) (2 + wz + a).
Now, it can easily be checked the Equations (4) and (5) hold.

Example 5.2. Let us consider factorization of x% —1 in Fyw]/{(w? — 1)[z; 0] where 6(a) = a*. Examples
of factorizations

2% — 1= (2% 4+ ax? + o?x + 1)(2® + %2 + o2 + 1), (6)
25— 1= (2° + ®w2® + (w + o) + 1)(2® + awz? + (w + o)z + 1), (7)

and
2% —1=(2*+ (aw + 1)z + (aw + Dz + 1)(2® + (*w + 1)z + (aw + )z + 1) (8)

where o +1 =&

The following theorem presents the structure of ideals (codes) over the skew polynomial ring
F[x;0]/(x™ — 1) where 2™ — 1 lies in the center of the skew ring.

The first part of the following theorem is presented in [13]. Here we restate it and further we show
that an additional condition can be imposed into generators. Moreover, we state the spanning sets and
determine the size of the code.
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Theorem 5.3. Assume that C is a left ideal in the ring Ry[z;0]/{z"™ — 1) where Ry = Fam[w]/{(w? —1).
Then, C = (f(z),wg(x)) f(x) = fo(x) + @fi(z) with fo(z), fi(x),g(x) € Fylz,0] and deg(fi(r)) <
deg(fo(z)) and deg(fi(x)) < deg(g(x)) and moreover g(z)|, fo(x)|ra™ — 1 in Fylz, 6] where |, stands for
divisibility from the right.

Moreover, the R,,- spanning set is S1 U Sy where

Sy ={f(x),zf(x),... ,x”_deg(f(x))_lf(x)}, and

Sy = {wg(x), wxg(x),. .. ,u’)xdeg(g(‘r))_deg(h(”’))_lg(m)},
and the size Of the code ‘C‘ — gm(n—deg(f(2)))9(m—1)(deg(g(x))—deg(h(z)))

Proof. Let C be an ideal of R, , = R,,[Oy; x]/(z™ — 1). It is well known that right (and left) division
algorithms hold in Fom[Oy; 2] if the divisor polynomial has a unit leading coefficient. An ideal C in
R, is finitely generated. The generators in C' are of two types: either f(z) = fi(x) + fa(x)w where
f(z) or g(z)w and further they are right divisors of 2™ — 1. If the ideal does not contain a polynomial
with leading coefficient being a unit, then all elements are multiples of w. In this particular case we
have C = wD where D is an ideal in Fylz;0:)/(z™ — 1) and it is well known that D = (g(x)) for
some g(x) which is a right divisor of ™ — 1. And hence, C' = (wg(z)). Otherwise, there will be at least
one element with leading coefficient being a unit inside the ideal. If fi(z) # 0 then the collection of
such polynomials will generate an ideal, say Cy = (f(z) = fo(z) + @fi(z)) and we can assume that
f(z) = fo(z) +wfi(z) is its generator and naturally it is a right divisor of 2™ — 1. On the other hand the
collection of all multiples of the zero divisor w, say the set wC, will also give an ideal and we may assume
that wC = (wg(x)). So given any element in C it is an R,-sum of elements from Cy and wC. Thus, it is
clear that C' = (f(z) = f1(z) + f2(z)w,wg(z)) where f(z), g(z)| 2™ — 1. Further, @wf(z) = wfy(z) € C
and wg(x). Without loss of generality we may assume that deg(f1(z)) < deg(fo(z)) and also wC = (g(x))
and hence @ fy(z) € wC and thus g(x)|, fo(x). And finally, by making use of the smallest degree of g(z)
we can use g(z) to right divide fi(z) and clearly impose that deg(f1(x)) < deg(g(x)).

Since h(z) f(xz) = 2™ —1 it is clear that the set Sy is Ry,-linearly independent. Further since g(x)| fo(z)
the set Sy is also R,-linearly independent. If a left multiple of f(x), is given then the elements of Sy
can produce it. On the other hand if a multiple of w is given, say wb(x) then by minimality og g(x) we
have wb(z) = wq(x)g(z) for some gq(x) € Fylz;0]. Since g(x)|fo(z) we have fo(x) = m(z)g(z). Now, by
applying right division algorithm, we have wq(z) = @w(go(z)m(z) + r(x)) with deg(r(z)) < deg(m(z)).
hence, wb(z) = @(qo(x)m(z) +7(z))g(x) = Gao()m(2)g(z) + wr(2)g(x). Bao()m(z)g(w) and wr(z)g(z)
belong to the spans of S; and S5 respectively. Thus, S; U .Sy C as an R,,- module. Therefore, by the
property of S; U Sy the size of the code is also directly obtained as stated. O

Example 5.4. Let f(z) = 2® + 22 + 2 + 1, g(x) = o*w + aw. Here, f(z) = (cwz? + wr + o?w)g(x).
Then, the code C = (f(x),wg(z)) is a skew cyclic code of length 4. Moreover, the weight enumerator
of C is W(y) = 1+ 18y? + 24y> + 213y* where the exponents are the weights and their corresponding
coefficients are the number such codewords. Clearly the minimum distance of this code is 2.

If g(z) = 0, then C = (fo(x) + fi(x)w) with deg(f1(z)) < deg(fo(z)) and fo(x) being a right divisor
of ™ — 1 and also f;(z) may or may not be zero. In case of g(x) # 0 but fo(z) = 0, then C = (g(z)w)
where g(x) is a right divisor of 2™ — 1.

The decomposition of the ring R naturally extends over the polynomial rings such as follows

Rlx;0,]/(z" — 1) = Ry 0,u® Ry0,v® Ry o(l +u+v)

where Ry 0, = Ry[z; ©4]/(z" — 1).
By putting together the findings established above we can state the following theorem.

Theorem 5.5. Let E be a O;-cyclic code over R of even characteristic. Then, E is a direct sum of
ideals E; where E; = (fi(x),wg;(z)) with i =1,2,3 and f;(x) = fo,i(z) + wfi,:(z) and g;(x)’s satisfy the
properties established by Theorem 5.35.



Cruz Mohan et. al. / J. Algebra Comb. Discrete Appl. 13(2) (2026) 255-271

6. Structure of (O \)-cyclic codes

In the present section, we assume only the odd characteristic case and we extend our study from
O-cyclic to (O, A)-cyclic codes of length n over R. The complete structures of these codes are obtained
by the decomposition method.

Definition 6.1. [21] Let C be a linear code of length n over R and A € Rjpn, be a unit in R. Ry, represents
the invariant elements of R under the map ©; where Rin, = {o € R|O¢(a) = a} = Fpr + ulFpe + vFpe +
wlpe + wwlFye + vwFye. Then, C is said to be a (O, A)-cyclic code if for ¢ = (co,c1,...,¢n-1) € C, we
have ox(c) = (AO¢(cn-1),0¢(co),...,Ot(cn—2)) € C. Note that for A =1, C is a O4-cyclic code and oy
is the (O, \)-cyclic shift operator.

Theorem 6.2. Let R, » = R[x; 0]/{z™ — \). A linear code C of length n over R is (O, \)-cyclic code
if and only if C is a left R[x; ©]-submodule of R, .

Proof. Same as the proof of Theorem 2.3. O

Theorem 6.3. Let n be an integer such that \"** = 1. Then the map T : R, — R, defined by
I(a(x)) = a(Ax), is a left R[x; O]-module isomorphism.

Proof. Let a(x),b(x) € Ry, where R, = R[x;0;]/{z™ — 1) such that a(z) = b(z). Thus a(x) — b(x)
0 (mod z™ — 1). Replacing = by Az on both sides, we have a(Az) — b(Ax) = 0 (mod \*z™ — 1), i.e.,
a(Az) — b(Az) = 0, A\*(mod 2™ — A). Thus a(Azx) = b(Az) in R, x. Therefore I'(a(zx)) = I'(b(x)).
Consequently, ' is an injective and well-defined map. Further, T' is a surjective left R[x; ©;]-module
homomorphism, since for any a(z), there exists a preimage a(A~'x). Hence, the result follows.

O

Corollary 6.4. Let n be an integer such that A" = 1. If C is a O-cyclic code of length n over R,
then T'(C) is a (O, X)-cyclic code of length n over R.

Proof. Let C be a O4-cyclic code of length n over R. In other words, C is a left R[x; ©;]-submodule
of R,,. By Theorem 6.3, I'(C) is a left R[x; ©]-submodule of R,, x. Thus I'(C) is a (6, A)-cyclic code of
length n over R. O

Lemma 6.5. [16] Let C be a (6;,a)-cyclic code of length n over F,. Then there exists a polynomial
f(z) € Fylz;6,] such that C = (f(x)) and 2™ — a = g(z) f(z) in F,lz;6,].

Lemma 6.6. Let A\ € R be a non-zero element such that A = Z?Zl e\, where \; € Fy for 1 <14 < 6.
Then X is a unit in R if and only if the elements X\;, i =1,2,...,6 are units in Fy.

Proof. Let \ = Z?:l e;\; be a unit in R where A\; € F, for 1 < ¢ < 6. Then there exists a unit
N = Z?:1 e;\j where \j € Fy for 1 <4 < 6. Now A\ = 1 implies E?:l e, =1, e, e, A, = e;, and
hence A\;A; =1 for 1 < ¢ < 6. Therefore, \js (i =1,2,...,6) are units in Fy.

For converse part, let the elements \;, ¢ = 1,2,...,6 be units in F;. Then AN = 1 where X =
S €At € R. Therefore, \ is a unit in R. O

Here, we study the (6;, A)-cyclic codes of length n over R where A = a1 + asu + azv + aqw + asuw +
agvw € R is a unit and a; € F, for 1 < ¢ < 6. By calculation the units, A;s are given by

A =a1+ a2 — a4 —as, Ao = a1 +asz — ag — ae,
Az =ay +az +as+as,\g = ay +az + ag + ag,
As = a1 — a4, Ag = a1 + a4. (9)
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Theorem 6.7. Let C' = @?:1 e;C; be a linear code of length n over R. Then C is a (O, \)-cyclic code
if and only if the codes C; are (0;, \;)-cyclic codes over Fy, respectively for 1 <i < 6, where A;s are given
by equation (9).

Proof. Let C be a (04, \)-cyclic code of length n over R. Let 2! = (z§,21,",...,24_;) € C; for
1<i<6andy; = Z?:l e,-z;'- for 0 < j<n-—1. Nowy = (Yo,¥1,---,Yn—1) € C and hence o(y) =
(AO¢(Yn-1),0¢(%0), - -, Ot(yn—2)) € C. Again we have o (y) = Z?Zl eioy, (2Y) € C = @?:1 e;C;. There-
fore, o, (") € C; for 1 < < 6. Hence CJs are (6, \;)-cyclic codes over F,, respectively for 1 <i < 6.

On the other side, let C/s be (6, \;)-cyclic codes over F,, respectively for 1 < ¢ < 6. Let y =
(0,91, -+ Yn_1) € C where y; = S°_, eizy for 0 < j < n—1. Then 2 = (2}, 2},...,2}, 1) € C;
for 1 < i < 6 and hence 0y,(2") € C; for 1 < i < 6. Now o)(y) = Z?:l eioy, (2) € @?:1 e;C; = C.
Therefore, C = @?:1 €;C; is (O, A)-cyclic code of length n over R. O

Theorem 6.8. Let C' = EB?ZI e;C; be a (O, \)-cyclic code of length n over R. Then

C = (erfi(z),e2fo(2),... e fo(x))
where C; = (fi(z)) and "™ — X\; = g;(x) fi(x) in Fglx; 6] for 1 <i <6.

Proof. LetC = @?:1 €;C; be a (O, A)-cyclic code of length n over R. Then by Theorem 6.7, the codes
C; are (6, \;)-cyclic codes of length n over Fy, for 1 < ¢ < 6. Again by Lemma 6.5, we have C; = (f;(x))
and 2" — \; = gi(z) fi(z) in Fylx; 6] for 1 <i < 6. Therefore, C' = (e1 fa(x), eafo(x),. .., e fs(x)). O

Corollary 6.9. Let C = @?:1 e;C; be a (O, \)-cyclic code of length n over R. Then there exist polyno-
mial f(x) € R[z; 0] such that C' = (f(x)) and 2™ — X = g(x) f(x) in Rlx;O,).

Proof. Let C = @?:1 e;C; be a (O, M)-cyclic code of length n over R. Then by Theorem 6.8, we have
C = (e1fi(x),eafa(z),. .., esfs(x)), where C; = (fi(x)) and 2" —\; = g;(z) fi(x) in Fy[z; 6] for 1 <i <6.
Take f(z) = Zle eifi(z). Then (f(x)) C C. Conversely, e;fi(x) = e;f(x) € (f(z)) for 1 < i < 6.
Thus C' C (f(x)). Combining both sides, we conclude C = (f(z)). Further, [Z?Zl e.gi()]f(z) =
Z?:l e:gi(x) fi(x) = E?:l ei(z™ — X)) = 2™ — A, Thus 2" — A = g(x)f(z) in R[z; O] where g(z) =
>y €igil®). O

Theorem 6.10. Let C' = @?:1 eiCyi be a (O, \)-cyclic code of length n over R. If ged(n,F) =1 =
ged(n, q), then there exist idempotent polynomial i(x) € R[x;©y] such that C = (i(z)) and i(x) is a right

divisor of ™ — .

Proof. Since ged(n, ) = 1 = ged(n, q), there exist idempotent polynomials i;(z) such that C; =
(ij(x)) and i;(x) is a right divisor of 2™ — X; in Fy[z] for 1 < j < 6. Then by similar argument as of
Corollary 6.9, we have C' = (i(z)) and i(x) is a right divisor of 2™ — . O

Theorem 6.11. Let C = @le e;C; be a (O, \)-cyclic code of length n over R with order of O, divides
n. Then C+ = @?:1 e;Ci be a (©4, \~Y)-cyclic code of length n over R.

Proof. Let C = @?:1 e;C; be a (04, A)-cyclic code of length n over R. Then by Theorem 6.7, Cls are
(64, Xi)-cyclic code of length n over Fy, respectively for 1 <4 < 6. Since O4(A) = A, then 6,()\;) = A; for
1 < i < 6. Therefore, Cf is a (Qt,)\fl)—cyclic code of length n over F,, respectively for 1 <7 < 6. As
A= Z?Zl e;A\; ', then by Theorem 6.7, C*+ = @?:1 e;C+ is a (O, \71)-cyclic code of length n over
R. O

Corollary 6.12. Let C' = @?:1 e;C; be a (04, \)-cyclic code of length n over R. Then C*+ = (G(x))
where G(x) = Z?:l eigl(z) and x™ — N\t = gi(x) fi(x) in F,[z; 0] for 1 <i <6.
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Proof. Let C = @?:1 e;C; be a (04, \)-cyclic code of length n over R. The by Theorem 6.11, C+ =
@?:1 e;Ci- is a (64, \™1)-cyclic code of length n over R where Ci is a (6, \; ')-cyclic code of length n
over IF,, respectively for 1 < i < 6. Let Ci* = (g¥(z)) where 2™ — \;! = g;(z)fi(z) and g} () is the
:-reciprocal polynomial of g;(x) for 1 <4 < 6. Therefore, by similar argument as of (O, A)-cyclic code,
we conclude that C+ = (G(z)) where G(z) = Z?:l eigf(x). O

Proposition 6.13. Let C = @?:1 e;C; be a linear code of length n over R. Then C is a self-dual
(O, N)-cyclic code if and only if C; is a self-dual (0, \;)-cyclic code respectively for 1 < i < 6. Moreover,
C is a self-dual (O, \)-cyclic code if and only if A2 =1, for 1 <i < 6.

Proof. Let C be a self-dual (6, \)-cyclic code of length n over R. Therefore, C = C*, and hence
C; = C’f— for 1 < ¢ < 6. Thus C; is a self-dual (0;, \;)-cyclic code respectively for 1 < i < 6. Converse
follows analogously. Further, we know that C; is self-dual (6;, \;)-cyclic code over F, if and only if \? = 1
for 1 <4 < 6. Hence the result follows. O

Remark 6.14. By Corollary 6.9 and Corollary 6.12 we conclude that (O, \)-cyclic codes and their duals
are principally generated left R[x; ©¢]-submodule of R, x and R, x-1, respectively.

Example 6.15. Let ¢ = 25 and R = Fos[u, v, w]/{(u? = u,v? = v,w? = 1,uv = vu = 0, uw = wu, wv =
vw). Let B be a root of an irreducible primitive polynomial over Fs. Now the automorphism 01(a) = a®
for all a € Fo5 and hence for r € R, we have O1(r) = Z?zl e01(r;) = Z?zl e;ry where r; € Fas and
1<i<6. Let \=1+43u. Then \y = 3=—-1, =X =25 =g = 1. Now,

29 — 1= (2 +1)3(x +4)%(x + 8'9)2(z + f2°)? € Fosx; 01]

and,

P04 1= (24222 +3)%(x + B2 (w + ) (@ + B (x + 52)? € Fasa: 1]

Let fi(x) = f3(x) = (z+ B)(x + 8292 and fo(z) = fa(x) = f5(x) = fo(x) = (x + B1*)(x + B?2)2. Then
C = (Y0, eafi(a)) = (ulw+ 519 (@ + B2 + (1 — u)(o + B1)(z + B2)2) is a (O1, 1+ 3u)-cyclic code
of length 10 over R. Since \? =1 fori=1,2,...,6, then \* = 1. Therefore, by Proposition 6.13, C is
a self-dual (01,1 4 3u)-cyclic code over R. Hence, by Corollary 3.2, ¢(C) is a self-dual [60,42, 3] linear
code over Fog.

7. DNA applications - even characteristic case

In this section first we cover some of the related literature and basics on DNA codes.

7.1. DNA basics and codes

DNA is formed as a helix by strings of nucleotides called A (adenine),T (thymine), G (guanine) and
C (cytosine). Basically they are two sequences with entries from the four alphabet set {A,T,G,C}. In
this helix formation A’s are always paired with 7’s and G’s with C’s and vice versa. This is known as
the complementary nature of DNA. Further this pairing appears in reverse ordering match. This pairing
property is know as the Watson-Crick Complement (WCC). DNA has the ability to detect and correct
errors during replication, thereby avoiding misreplications. This feature of DNA has attracted coding
theorists to define algebraic codes satisfying these specific properties and study their properties. The very
first studies of this type were carried out over alphabets of size four [1, 28, 29]. However, the milestone
of applying the WCC property of a DNA was presented by Adleman, who solved a hard (NP- complete)
problem is solved [4]. Besides investigating the algebraic structures of DNA codes, as it is an important
problem in general finding good parameters of such codes is also an important problem and some parallel
studies in this direction were also carried out [15, 22].
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After some work on four alphabet algebraic structures, researchers have moved to larger alphabet
sets such as 16 = 42, 64 = 43, 256 = 4%, etc. This extension is motivated by the four-letter alphabet
underlying DNA. Tuples, triples, etc. and in general n-tuples are matched with strings of DNA strings
of lengths two, three, four, and n [27, 33]. And very recent studies on DNA codes over subrings of the
one presented here can be found in [11] and [7].

All work mentioned above but surely not complete is done on commutative algebraic structures.
Recently, the study of DNA codes has been extended to noncommutative case and mostly known as skew
cyclic codes. The first study in this direction is presented in [14]. Some recent studies of DNA codes over
noncommutative algebraic structures are presented in [3, 11, 26].

In this paper, we extend some recent studies on DNA codes to a specific family of skew polynomial
rings. In particular, this study extends the work in [14] done over finite fields extensions of characteristic
two to codes over a family of chain rings obtained via ring extensions of finite fields of characteristic two
(Fy) as defined in the previous section.

In this section we propose a matching with 42*-tuples DNA strings that we use as alphabet and
elements of the ring F, = {a +bw |a,b € Fys,w? = 1}. For the special case s = 2, let us consider
a codeword of length 3 say ¢ = (1 + aw,1 + a + w,a + w) € F2. The reverse of this codeword is
¢ = (a+w,1+a+w,1+aw) € F3. If we randomly match say AAAC with 1+ aw, CTAA with
14+ a+w and ACAA with o + w, then clearly ¢ and ¢" are matched with AAACCTAAACAA and
ACAACTAAAAAC respectively. As can be seen, the reverse order of the ring elements is not reflected
correctly to the reverse order of DNA strings. This is known as the reversibility problem in DNA codes
and it depends on the algebraic structure properties of cyclic codes. Here we use results from [14, 27] for
DNA alphabet matchings and extend to the ring F, in order to overcome this obstacle.

In [27] a matching between 4° order fields and s DNA tuples satisfying the reversibility property is
presented via an algorithm. We call this matching 7 (using the same naming as in [14]) and extend it to

Tw : Fy — {AT,G,C}?
a+bw — (7(a), ().

and this is extended to n tuples by ¥(cg,c1,...,cn—1) = (Tw(co), Tw(c1), .-, Tw(cn—1)) where ¢; € F,,
i €{0,...,n—1}. The 7, map that clearly presents a matching between field elements and the DNA
tuples is defined explicitly in [27] via an algorithm. We do not present the full matching table of 7 but
recall that given an element a € Fys. The mapping 7(a) associates the element a*” with a DNA string of
length s and referring to the table the corresponding DNA strings for a and a*” are reverses of each other.
Let Fy, = Fig[w]/{(w? — 1) with s = 2. Let 7 : F16 — {A, T, G,C}* be a mapping. For example (consider
the explicit presentation of the algorithm with Table 1 in [14]), suppose 7(1) = TT and 7(«) = AT. Then

Tw(l+ aw) = (7(1),7(a))) = TTAT.
Now, consider

Tw(wW(1* + aw)) = 7, ((* + 1*w)) = (7(a?), 7(11)) = TATT.

As seen above, given the definition of the map 7, since the set is closed under the multiplication by
w, then the set always includes its DNA letter inverses naturally. ¢ = (1 + aw,1 + a +w,a +w) € F3.

7: Fpe — {AT,G,C}*
B = (bo, b1, ..., bas—1)-

Here, the reverse property and the difficulty while considering over tuples matched with DNA strings
instead single letter matching.

The table that presents a matching between the letter alphabet of DNA characters to the elements
of finite fields of order 4%¢ for some positive integer s is presented originally in [27] and later adapted to
skew cyclic codes over finite fields [14]. Later this table is extended for use on codes over skew polynomial
rings with coefficients from the same field [14].
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Definition 7.1. Let C be a code of length n over F,. If ¢" = (cp—1,Cn-2,...,¢1,c0) € C for all
c=(cg,C1y-..,cn—1) € C, then C is called a reversible code.

7.2. DNA codes from the skew polynomial ring

In this subsection, given a + bw € F,, = Fy.[w]/{w? — 1), we consider the map ©; = 6 defined by
0(a + bw) = a*" + b* w which is an automorphism of order 2 of F,.

The following definition is originally presented for finite fields in [14] and we extend it in natural way
as

Definition 7.2. Let f(x) = ag + a1z + ... + azx* be a polynomial of degree t over F,, and 6 be an
automorphism of Fy,. f(x) is said to be a reversible polynomial if a; = ay—; for all i € {0,1,...,t}, and
f(z) is said to be a O-reversible polynomial if a; = 0(a,—;) for alli € {0,1,...,¢}.

Lemma 7.3. Letn be even and f(x) € Fy[z;0]/{(x™ — 1) with 6 of order 2 and the degree of f being odd.
If f(z) is a O-reversible polynomial, then

" (z), s<i<n

where s =n — (deg(f(z) +1).

Proof. Since f(x) = ZE:O fiz® is a O-reversible polynomial we have f; = 6(f;_;) fori = 0,1,...,t where
t = deg(f(x)) and f; # 0 which implies that fo = 0(f;) # 0. Then, multiplying f(z) on the left by 2°/2
and considering the coefficients of 2°/2f(z) as an n tuple we have a reversible vector of length n such as

0...0fofs- - fuulft . fh..0

where t; = (¢ — 1)/2. Basically we move the nonzeros entries to the center and make the center visible
by putting an artificial divider and noting the sub indices of f(z). Now, the f-reversible polynomial of
x°/2f(z) is itself by definition. Further, the f-reversible polynomial of z*/2*1 f(z) is #%/2~1 f(x). To see
this first the one movement to right from the center will be the same order as one movement to the left.
Since s/2 4+ 1 and s/2 — 1 are both even or odd at the same time the primes (6 values) will not change
either and hence the claim. Following the same argument, we see that the #-reversible polynomial of
x/2t f(x) is x%/27 f () for all 0 < i < s/2 which gives the first line of the Equation (10). For the second
line the first case not covered above is the following case

Jo0..0fof1. . fulfi, - fafi

This instance corresponds to multiplying f(x) by #*T! and since s is even the primes will stay as they
are. By definition its f-reversible polynomial is

fifooo fulfl, - fifo0...0fo.

To obtain its reversible counterpart one needs to multiply x°! f(z) further by 2"~ *~2. Again the exponent
is n — s — 2 which is an even number and hence the primes do not change and we have the f-reversible
of the intended polynomial. This can be generalized in a similar way which gives the second line of the
Equation (10) and completes the proof. O

One may think the fact that when g(x) is f-reversible then its parity check polynomial f(z) is also
f-reversible which means that f(z)g(x) = 2™ — 1. The reason for this question is naturally its relation to
dual codes. But in fact the answer is negative. In Example 5.2, the factorizations in Equations (7) and
(8) give examples where this property does not hold.

The following lemma is stated in [23] for the field case. Here we extend it for the quotient ring case.
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Lemma 7.4. Let f(z) =Y ., fiz" € Fy[z;0]. The right division of f(z) by the linear polynomial x — 3
is equal to

f(@) = q(x)(z = ) +ZfiNi(ﬁ) (11)

where q(x) € Fy[z;0] and N;(8) = H;;E 07 ().
Lemma 7.5. This lemma is a natural extension of Lemma 7.4 to the ring F,,. Let f(z) = > 1, fix' €

F,[x; ©f) with f, being a unit. The right division of f(x) by the linear polynomial x — (3 is equal to

f(@) = q(x)(z = ) +ZfiNi(ﬂ) (12)

where q(z) € Ry[z; 0] and N;(B8) = H;;E 67 (B).

Proof. First recall that for a + wb € Fy, 6,,(a + wb) = 0(a) + wh(b) where 0 is an automorphism over
F,. Also we extend the norm of an element to the elements of 8 = a +wb € F,, as

n—1
Na(8) = [T 0'(8)
=0
, which is consistent with the notation N;(5) = H;;}) 67 ().

As in the classical case over F,[x; 6] (see [23]) we first consider the auxiliary polynomial z™ — N,,(3)
and show that x — 8 is a right divisor by applying induction on n. For n = 1, it is trivial. Assume it
holds for n and consider

2= N1 (B) = 2™ = 0, (N (8))B + 0w (N (8))2 — 0, (N (B))
= 2" — 0,y (Na(B))2 + 0 (Nn (8))z — 0. (N (8))8

= 2™ — 2N, (B) + Ouw(Nn(B))(z — 6)

z (2" = Np(B)) + 00 (No(B)) (x — 0)

and the first ot the polynomials is divisible by  — 8 due to the induction hypothesis and the sum is
trivially right divisible by x — 3.

Now, we relate this auxiliary finding to the claim:

flz) - Z fiNi(B) = Z fix' — Z fiNi(B)

= Zfz (»Tl - Nz(ﬁ)) :
i=0

Since all the terms z' — N;() are right divisible by  — 8 so is f(z) — > i—, fiNi(3) and hence the
result. O

If we take 3 = 1, then 6% (1) = 1 for all i and hence N;(3) = 1. Thus, we have the following result
as a corollary.
Corollary 7.6. Let f(z) = Y., fiz" € Fylz; 0] with f, being a unit. f(x) is right divisible by z — 1
if Xoimo i = 0.
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By making use of the definitions we have the following lemma:

Lemma 7.7. If f(z),g9(x) € Fy:|x;0] are reversible polynomials, then so is f(x) + g(z)w € Fylz;0)].
Indeed, if hi(x) € Fy[z;0] is a collection of reversible polynomials, then any F,,- combination of this
collection s also a reversible polynomial.

By applying the above lemma we also get the following:

Lemma 7.8. Let C = (f(x),wg(z)) be cyclic code (ideal) in Fy|x;0]/{(x™ — 1) with the properties stated
in Theorem 5.3 with n even, the order of 6 is 2 and both deg(f) and deg(g) are odd. And further suppose
that both f(x) and g(x) are O-reversible polynomials. Then, the code C is a O-reversible code.

Now by applying Lemma 7.6 we have

Lemma 7.9. Let C = (f(x),wg(z)) be cyclic code (ideal) in Fy[x;0]/{x™ — 1) with the properties stated
in Theorem 5.8 with n even, the order of 0 is 2 and both deg(f) and deg(g) are odd. And further suppose
that f(x) is right divisible by x — 1, then C is a 0-complement code, i.e C' contains the all one codeword.

Now by applying the lemmas obtained above and recalling the definition of a DNA code we obtain
the following theorem:

Theorem 7.10. Let C' = (f(z),wg(x)) be a cyclic code (ideal) in Fy[z;0]/{(x™ — 1) with the properties
stated in Theorem 5.3 with n even, the order of 0 is 2 and both deg(f) and deg(g) are odd. Further if
both f(x) and g(x) are O-reversible and f(x) is right divisible by x — 1, then C is a DNA code.

Now we recall a well-known theorem that is called Griesmer bound for codes over rings:

Theorem 7.11. [81] Given a linear code C' of length n minimum distance d(C) over F,, where k(C) —1
is defined as the rank of the minimal free F,,-submodules of F); which contains C. Then,

Below we present a DNA code which also optimal with respect to the Griesmer bound.

Example 7.12. Let g(x) = o?2® + (w+a)z? 4+ (o +w)z+a be a O-reversible polynomial. Let C = (g(z)).
And further for f(z) = ax®+ (w+1)x +a? we have f(x)g(z) = 2° +a* + 23+ 2% + 2+ 1. C contains the
all one vector. So, C generates a DNA code which has reversible and complement properties as desired.
Further this is a skew cyclic code of length 6, dimension 3 and minimum distance 4. By Theorem 7.11,
C attains the Griesmer bound and hence it is optimal.

Finally, given the direct sum structure of the ring studied and facts established above for each
component we have the following theorem that presents the structure of DNA codes over the ring.

Theorem 7.13. Let E be a 0-cyclic code over R, viewed as a direct sum of codes E; where E; =
(fi(x), wg;(x)) fori=1,2,3. If each E; is a DNA code with reversibility and complement properties then,
FE is a DNA code satisfying both reversibility and complement properties.

8. Conclusion

Since 2007 ©4-cyclic codes are extensively studied over different finite commutative rings especially
over chain rings but there are also studies over non-chain rings which are one of the popular structures
due to their complexity. Here, we determine the structure of codes over a particular family of finite
non-chain rings over any characteristic. We relate linear codes over characteristic even rings to DNA
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codes and present their structures. As a future work, further research on DNA codes over this ring or
similar rings, bound relations for distances and quantum error-correcting codes based on such rings await
some attention.
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